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Resume

Denne specialeathandling vil fokusere pa invarianten KT, for C*-algebraer introduceret i Clas-
sifying *-homomorphisms I: Unital simple nuclear C*-algebras, af Carrion, Gabe, Schathouser,
Tikuisis, og White. Vi starter med at introducere den ngdvendige teori for at forsta og arbejde
med KT,. Derefter studere vi invarianten mere abstrakt ved brug af kategoriteori. Vi slutter
afhandlingen af med, at kigge pa automorfierne pa KT, og viser at automorfigruppen Aut(KT,,)
kun afhsenger af KT,.
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1 Introduction

Given a C*-algebra, A, with enough regularity conditions, and a discrete group, G, it is an
open problem whether a group action on KT, (A) lifts to a group action on A. The thesis will
explore this problem for classifiable C*-algebras. We show one can always lift group actions
to Aut(A)/Inn(A), further we will provide an explicit formula for Aut(A4)/Inn(A) in terms of
KT,(A). To accomplish this we introduce the necessary framework, mainly focusing on the
article Classifying *-homomorphisms I: Unital simple nuclear C*-algebras by Carrién, Gabe,
Schafhouser, Tikuisis, and White, corresponding to sections 2 through 6 . Afterwards we will
view some of their constructions in a more abstract setting, leading to our main results, sections
7 and 8.

The thesis is written for people who have basic knowledge of C*-algebras, roughly corresponding
to an introductory course, as well as knowledge of K-theory for C*-algebras corresponding to
the book [RLLO00]. The thesis is written in conjunction with a project about total K-theory for
C*-algebras, so to maximise reading enjoyment it is preferable to have knowledge in this area as
well. If one does not know of total K-theory for C*-algebras then the relevant definitions and
results can be found in the preliminaries section, but the proofs have been omitted.

2 Preliminaries

The thesis is made in conjunction with a project concerning total K-theory for C*-algebras and
therefore this theory will not be covered in detail. Instead we will summarise the main results
and definitions from the project, and the results will have their proves omitted. For the rest of
this section A is a C*-algebra, n € N with n > 2, and ¢ € {0,1}. Before one can understand
total K-theory we first need to understand K-theory with coefficients.

Definition 2.1 ( [CGS*23], (2.26)). Let n € N, n > 2, ¢ € {0,1}, and A be a C*-algebra.
Define K-theory with coefficients, K;(A,Z,), by
Ki(A;Zn) = K1—i(ﬂn(A)),

where I,,(A) is the dimension drop algebra,

L,(4) = {f € ([0, 1], Mn(A)) | f(0) € A® 1nr,,, f(1) = O}.

As with K-theory, we can induce 6-term exact sequences in K-theory with coefficients.

Proposition 2.2 ( [CGS™23], (2.29)). Let n € N, n > 2, ¢ € {0,1}, and A be a C*-algebra,

(n) (n

then there exists maps /LinA, v; 4 such that the 6-term sequence

e

Ko(A) —% Ko(A;Z,) —=5 K1 (A)

m{ Jxn

Ko(A) <5 Ki(A;Zy) <5 K1(A),
V1A Hia

is exact and natural in A. We call the maps ,uf/ii, VZ.(Z) Bockstein operations.

Before we can define total K-theory we need two more Bockstein operations.
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Proposition 2.3 ( [CGS*23], (2.30)). Letn € N, n >2,i € {0,1}, and A be a C*-algebra. The
canonical inclusions I, = 1, @ 1pr, = Ly, and Ly, — 1, ® My, induces maps

Hg:r;m,n) : Kl(A, Zn) — K’L(A7ZTL7TI)7
H%nm) CKi(A, Zn) — Ki(A, Zy).

As in Proposition 2.3 we also call &'y, k;")"™ Bockstein operations.

We are now able to define the total K-theory of a C*-algebra A.

Definition 2.4 ( [CGS™23], (Def 2.14)). The total K-theory, K(A), of a C*-algebra, A, is the
collection of abelian groups Ko(A), K1(A), and K;(A;Zy,) for i € {0,1} and n > 2 together with

(m) () (nmn)  (n,nm)

the Bockstein operations WiarViasKia  sKiA for m > 2. The total K-theory of A is the
collection

K(A4) = <K0(A), K (A), (KA Z0), 1" v w0, nE,’is""”)ie{o,1}> :

n,m>2
A A-morphism, o : K(A) — K(B) is a collection of group homomorphisms «; : K;(A) — K;(B)
and a( " K;(A;Zy,) = K;(B;Z,) for i € {0,1} and n > 2 such that the diagrams

Kid) — s K(B) K AiZ) s Ky o(BiZ)

RO () L L)
#s Ai o lﬂ”B Y, Ai o i “B
Ki(A;Zy) —— Ki(B;Zy), Ki(A) ——— Ki1-4(B),

al™ ofmm)
Kz(AaZn) e Kz(B>Zn) KZ(A7an) — Ki(B;an)

K(an,n)l ln<n;n,n) K(‘n}’nm)l J/K(.nén'm)
- (nm) “ - (n) -

Ki(A; Zom) — Ki(B; Znm),  Ki(A;Zn) ——— Ki(B;Z,),
commute for m > 2.

Having defined total K-theory let’s see some results.

Proposition 2.5 ( [CGS™23], (2.35)). Letn € N, n > 2,7 € {0,1} and A be a C*-algebra. Then
there exists maps ﬁgfg : Ki(A)/nK;(A) — Ki(A;Zy,) and T 7(n) s Ki(A;Z,,) — Tor(Ky_i(A), Zy)
such that the sequence

—(n) 7(”)
0 —— Ki(A) @ Zy % Ki(A; Zn) —2% Tor(Ky_i(A), Zy) —— 0.

is short exact moreover ,ug/z = ME j om and 1/(72 = L( )1 40 VE W where m: K;(A) — K;(A) ® Z,,
is the projection and Lg@i’A s Tor(K1-4(A), Zyn) — Ki1_;(A) is the inclusion.

The next result is very powerful, and will be paramount when proving some of our big results in
the later sections.

Proposition 2.6 ( [CGS'23], Proposition 2.15). Let A, B be C*-algebras and i € {0,1}. Then
any homomorphisms «; : K;(A) — K;(B) can be extended to a A-morphism o : K(A) — K(B).
This is an isomorphism when o is.

3 of 72



Department of Computer Science and Mathematics University of Southern Denmark

A big part of this result is the fact that isomorphisms in K-theory lift to A-isomorphisms which
we will use when working with automorphism groups. A possibly innocuous, but quite useful,
lemma is the following.

Lemma 2.7 (Splitting lemma). Let

U1 L1
0 A B C 0
1 1 . - 1
)2 ©2
0 A2 B2 02 O

be a commutative diagram of abelian groups with exact rows and s; be right splits for i € {1,2}.
Then there exists homomorphisms o; : B; — A; such that

wz’ o0, = idBi —_ Sz(Pz
Further o; is a left split and, aoy = o23.

With the preliminaries taking care of we are ready to move into the main part of the thesis.

3 AFT(A)

One of the constituents of the total invariant is all real valued affine continuous functions of the
trace space, which we will devote this section to understand. First we need to understand order
unit spaces and their relation to affine functions on state spaces.

3.1 Order unit spaces

The goal of this subsection is to introduce order unit spaces and ultimately show Kadison duality,
which relates an order unit space and affine functions on the state space. Most results comes
from the book: Compact convex sets and boundary integrals by Erik M. Alfsen, [Alf71], from
the first part of chapter 2.

Before we can see what an order unit space is, we first need to define partially ordered vector
spaces.

Definition 3.1. Let A be a vector space over R and let < be a partial order on A. We say that
A is a partially ordered vector space if for all a,b,c € A and A € R with A > 0 we have

a<b = a+c<b+ec,
a<b = Aa <M\b.

If 0 < a then we say a is positive and we denote by AT the collection of positive elements of A,
further if a < 0 we say that a is negative and we denote the collection of negative elements by
A,

We are now able to define an order unit.

Definition 3.2 ( [Alf71]). Let A be a partially ordered vector space over R and let I C A be a
subspace. We say that I is an order ideal if for a,b € I and ¢ € A we have that

a<c<b = cel.

Denote by I(a) the order ideal generated by a € A. If there exists e € AT such that I(e) = A
we say e is an order unit.
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Contrary to what the name order unit space might suggest, it is not just a partially ordered
vector space with an order unit, we need one more adjective.

Definition 3.3 ( [Alf71]). Let A be a partially ordered vector space with order unit e. We say
that A is Archimedean® if for all n € N

na<e = ac A .

Having seen the above we can finally define the name of the subsection, an order unit space.

Definition 3.4 ( [Alf71]). Let A be a partially ordered vector space with order unit e. If A is
Archimedean we say that A is an order unit space and we will denote it by (A4, e).

A nice property of order unit spaces is that they admit a norm.

Proposition 3.5 ( [Alf71](11.1.2)). Let (A, e) be an order unit space. This space admits a norm,
called the order unit norm, given by

llal| = inf{A > 0 =Ae < a < Ae}

which satisfies the relation
—llalle < a < [[afle.

Proof. We start by defining two maps I,m : A — R given by
l(a) =sup{a € R |ae < a} m(a) =inf{3 €R|a< Pe}.

By definition of our proposed norm we get that ||a|| = max(m(a),—I(a)), and hence ||a|| is a
semi norm. We show the semi norm satisfies —||alle < a < ||a||e as this will imply that || - || is a
norm. Let n € N

1
a<m(a)e+ —e,
n
thus
na < nm(a)e + e,

hence
n(a —m(a)e) <e.

Since A is Archimedean a < m(a)e, an analogous computation shows [(a)e < a hence
—llalle <l(a)e < a <m(a)e <|lafle.

O

As mentioned above a major player in Kadison duality is the real valued continuous affine func-
tions.

Definition 3.6 ( [Alf71]). Let X be a locally convex Hausdorff space over R. Let K, K’ C X be
convex subsets of X such that K C K’. Denote by Aff(K, K’) the vector space of all restrictions
to K of real valued continuous affine functions on K’. We will write Aff(K) or AfK to denote
Aff(K, K) for simplicity.

LOne can also define Archimedean for partially ordered vector spaces without order units, as follows: A is
Archimedean if the negative elements, a € A~, are the only ones for which {\a | A € Rt} has an upper bound.
One can show that for order unit spaces being Archimedean in the sense just described is equivalent to our
definition. As we will work with order unit spaces we choose this as our definition.
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A theme in the thesis is that when considering new objects, in this case order unit spaces, we will
also consider their structure preserving maps, and in most cases these will be of more interest.

Definition 3.7 ( [Alf71]). Let (A, e), (A, ¢’) be order unit spaces, we say that a linear map
v (Ae) = (A, ¢) is positive or order preserving, if a < a' = ¢(a) < ¢(a’) and we will
denote it by ¢ > 0. A if ¢ is bijective we call ¢ an order isomorphism if ¢, =1 > 0.

Let’s see some results concerning positive maps.

Proposition 3.8 ( [Alf71](I1.1.3)). Let (A,e),(A’,€') be order unit spaces and let
w:(A,e) = (A, €) be a linear map with p(e) = ¢€'. Then ¢ > 0 if and only if ||| = 1.

Proof. We start by assuming ¢ is positive. Let a € A such that ||a|]| < 1, then —e < a < e and
since ¢ is positive, unital —e¢’ < ¢(a) < ¢’ hence ||p(a)|| < 1 and thus ||p|| < 1. Using that ¢ is
unital we get ||¢(e)|| = ||€/|]] = 1 thus |[|¢|] > 1 hence ||p|| = 1.

Assume ||p|| = 1. Let a € AT be a positive element. We can without loss of generality assume
[la|]] <1 indeed if ||a|| > 1 we normalise a to a = ”Z—H and as ¢ is linear we can work with ¢(a)

instead. As ||a|| < 1 then 0 < e —a < e and thus [le — a|| < 1. Then ||p(e — a)|| < 1 since
]l =1 thus p(e — a) < €’ and since ¢ is unital and linear 0 < ¢(a) hence ¢ is positive. O

We also have a result about order isomorphisms.

Corollary 3.9 ( [Alf71](I1.1.4)). Let (A,e),(A’,¢e') be order unit spaces and let
w:(A,e) = (A, €) be a bijective unital linear map. Then ¢ is an order isomorphism if and only
if ¢ is an isometry.

Proof. Assume ¢ is an isometry. Then |[|¢|| = ||¢~!|| = 1 by Proposition 3.8 both are positive
maps.

Assume both ¢ and ¢! are positive. Let ||a|| = a as ¢ is positive unital thus,

—ae’ < p(a) < ae’. Assume for contradiction ||¢(a)|| # a. Then there exists some o’ € R such
that 0 < o/ < @ and —d’e¢’ < ¢(a) < a'¢’. Since p~! is positive unital —a’e < a < o’e which
implies ||a|| < ¢, contradiction ||a|| = a. Thus ||a|| = ||¢(a)]. O

A particularly nice subset of positive maps are states.

Definition 3.10 ( [Alf71]). Let (A, e) be an order unit space. A positive functional p: A — R
with p(e) = 1 is called a state on (A,e). The collection of states on (A4,e) is called the state
space and will be denoted by S(A4,e) or just S when there is no ambiguity. Note S(A4,e) form a
w*-compact convex subset of the dual space, A*.

Remark: Proposition 3.8 gives us the norm of a state is 1.

Kadison duality connects order unit spaces with affine functions over their state space. Hence
we need a bridge between these spaces.

Definition 3.11 ( [Alf71]). Let (A, e) be an order unit space and X be a compact Hausdorff
space. Let p: (A,e) — (Cr(X),1x) be a linear map such that p(e) = 1x and p is an isometry.
Note that this implies that p is an order isomorphism on it’s image. We call such a pair (p, X)
a functional representation of (A,e).

Lets see an example of this.
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Example 3.12. Let (A, e) be an order unit space. Define p : (4,e) — (S(4,¢€),€) by p(a) = a,
where a(p) = p(a) for p € S, that is @ is the evaluation of a. We call this functional representation
the canonical representation over the state space and denote it by (p, S).

We have two result left to show before we show Kadison duality, the first has to do with affine
functions on a compact space.

Lemma 3.13. Let X be a compact Hausdorff space, then Aff(X) is complete.
Proof. Let (fn)nen C Aff(X) be a Cauchy sequence. We know Aff(X) C Cr(X) where the latter

is complete, so0 (fn)nen converges to some continuous function, f € Cr(X). We show f is affine.
For each n € N, py,ps € X and t € [0, 1] we have

f'n(tpl + (1 - t)pQ) = tfn(pl) + (1 - t)fn(p2)-

Since fn(tpr+ (1 —t)p2) — f(tp1+ (1 —t)p2) and tfu(p1) + (1 = 1) fu(p2) = tf(p1) + (1 = 1) f(p2)
then f(tp1 + (1 —t)p2) = tf(p1) + (1 — ) f(p2). g
The next is a technical result for which we omit the proof.

Lemma 3.14 ( [Alf71](1.1.5)). Let X be a locally convexr Hausdorff space, K C X be a compact
convex set, and f € Aff(K). Then there exists an increasing sequence (fn)nen C Aff(K, X)
converging uniformly to f. This yields that Aff(K, X) is uniformly dense in Aff(K).

We are now ready to prove our main result.

Theorem 3.15 ((Kadison duality) [Alf71](I1.1.8)). Let (A,e) be an order unit space and let
(p, S) be the canonical representation over it’s state space. Then it’s range, p(A), consists of all
those w*-continuous affine functions which can be extended to w*-continuous linear functionals
on the dual space. In particular we have p(A) = Aff(S) if and only if (A, e) is complete in order
unit norm.

Proof. We start by recalling that by definition, the image of p is all evaluation functionals
restricted to the state space and these are exactly the w*-continuous linear functionals on A*,
hence we have shown the first part. Before showing the if and only if, we show p(A) = Aff(S, A*),
note p(A) C Aff(S, A*). For the converse consider the set

H={f € A"| f(e) = 1},

and note that S C H. Recall that any continuous affine functional ¢ : A* — R can be decom-
posed into a linear functional on the dual space plus some real number, i.e

() =Af) +e

for some ¢ € R and A € A**. For each x € R define A, : A* — R by

Au(f) = A(S) + 2 f(e).

A, is linear, indeed

Ae(af +9) = Maf +g) +z((af +9)(e)) = a(A(f) +xf(e)) + Ag) + zg(e) = ala(f) + Aa(9g)-

Observe A.|g = ¥|m, thus for each w* continuous affine functional there exists a w* continuous
linear functional such that they agree on H, hence they agree on S, i.e Aff(S,A*) C p(A).
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Assume A is complete. By Lemma 3.14 Aff(S, A*) is uniformly dense in Aff(S) hence it suffices
show that Aff(S, A*) is closed. Let (fy)nen C Aff(S, A*) be a sequence of functions and assume
fn — f uniformly. Since p(A) = Aff(S, A*) we can find (an)nen C A such that p(a,) = f,. As
p is an isometry

llan = amll = llp(an) = plam)[| < llp(an) = fIl + llp(am) = £l

Since p(an) converges to f then for any ¢ > 0 we get ||a, — am|| < € and hence (an)nen is
Cauchy. By completeness of A, (a,)nen converges to some a € A, thus p(a,) — p(a) = f, hence
Aff(S, A*) is uniformly closed.

Assume Aff(S, A*) = Aff(S), we wish to show that A is complete. Let (an)neny C A be a
Cauchy sequence. As p is an isometry, (p(an))neny C Aff(S, A*) = Aff(S) is a Cauchy sequence
in Aff(S). As Aff(S) is complete by Lemma 3.13 (p(an,))nen converges to some g € Aff(S), then
since g € p(A) we can find an a € A such that p(a) = g. For any € > 0,

llan = all = llp(an) — pla)l| <,

hence A is complete. O

We are now finished with our tour of abstract order unit spaces, and we will move to consider
trace spaces for C*-algebras.

3.2 Trace Spaces

In this subsection we apply the results of the previous subsection to a specific example of an
order unit space, namely AffT(A) where T(A) is the trace space for a C*-algebra A. Our goal
for the section is to show the duality between T'(A) and Aff T (A) so that we may work with the
latter through the thesis. In this section let A be a unital C*-algebra and let T'(A) be the set of
tracial states on A. We start by showing that Aff7T(A) forms an order unit space.

Proposition 3.16. Let A be a unital C*-algebra and let T(A) denote the space of tracial states
on A. Then AffT(A) is an order unit space, with the partial order f < g if f(r) < g(1) for all
T e T(A).

Proof. We first show (AffT(A), <) forms an ordered vector space. Let f,g,h € AffT(A) and
A€ Rwith A > 0. For 7 € T(A4), f < g implies f(7) < g(7), and as R is an ordered vector space
f(r)+ k(1) < g(7) + h(7) which is exactly f +h < g+ h. Again as R is an ordered vector space
Af(1) < Ag(7) hence Af < Ag. We show (AffT(A), <) admits an order unit let e = 174y, the
constant 1 function. Since I(e) is a vector subspace of AffT'(A) then all constant functions are
in I(e). Let f € AffT(A) and recall T'(A) is compact in the w*-topology, hence

sup {f(7)} < 0.
TET(A)

Thus there exists some constant functions g, h such that
g f<h

Thus I(e) = AffT(A), hence e is an order unit for (AffT'(A), <).
We show AffT(A) is Archimedean. Let f € AffT(A) such that for all n € N, nf < e. By
definition of < for all 7 € T'(A), nf(7) < 1 which implies f(7) <0. O
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The next part of this thesis will be devoted to proving Proposition 2.1 , from [CGS™23], which
states that AffT(A) is evaluation functionals of self-adjoint elements. This proof requires in-
troducing some new notions. So we move away from Alfsens book and over to Gert Pedersens
C*-algebras and their automorphism groups.

Definition 3.17 ( [Ped79](3.1.1)). Let A be a unital C*-algebra and let ¢ € A* be a bounded
linear functional. Define the adjoint ¢* by

We say ¢ is selfadjoint if p* = .

An important result needed to prove Proposition 2.1 is how to decompose bounded selfadjoint
linear functionals into positive linear functionals, which is known as the Jordan decomposition.

Theorem 3.18 ( [Ped79](3.2.5)(Jordan decomposition)). Let A be a unital C*-algebra, and
p: A — C a bounded selfadjoint linear functional. Then there exists a unique pair of positive
linear functionals @4, p_ such that o = o1 — p_ and ||| = [lo+|] + llo-|]-

However to prove this theorem we need two lemmas.

Lemma 3.19 ( [Ped79](3.2.2)). The unit ball of (Asa)* is the convex span of S(A) and —S(A).

Proof. Let K denote the convex span of S(A4) and —S(A). As states are positive and have norm
equal to 1 K is a subset of the unit ball of (As,)* and as S(A) and —S(A) are weak* compact K
also is weak* compact. Let z € Ay, X € o(x)\{0}, and B = C*(1,z) the C*-algebra generated
by 1 and z. Define a *-homomorphism w : B — C on generators, w(xz) = A and w(1) = 1. Then w
is a state on B and by Proposition 3.8 ||w|| = 1. Applying the Hanh-Banach extension theorem,
extend w to a state ¢ on A, hence

o(2)\{0} C {p(z)|p € S(A)}.

As z is selfadjoint the spectral radius formula tells us ||z|| = r(x) = sup{|p(z)| | ¢ € S(A)}.
With the set-up done assume for contradiction there exists a ¢ in the unit ball of (As,)* and
not in K. Using the Hanh-Banach separation theorem, separate K and the unit ball of (As,)*.
Hence there exists some z in A,, and o € R such that () > a and ¢(z) < « for all ¢ € K. As
K is the convex span of S(A) and —S(A), K is symmetric hence |p(z)| < o and by the spectral
radius formular ||z|| < a. But then

(@) < [Pl < o,

contradicting that ¢ (x) > a. 0O

Now for the next lemma.

Lemma 3.20 ( [Ped79](3.2.3)). Let A be a unital C*-algebra and let ¢ and ¢ be positive func-
tionals on A. Then || — || = ||| + [|]| if and only if for all € > O there exists z € AL such
that (1 — z) < e and ¥(z) < €.

Proof. Assume ||¢ — || = ||¢]| + ||¢|] and let € > 0. As p — 1) € (Asq)* we can find an z in AL,
such that

llo =¥l < p(z) —P(z) +e.
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Recall as ¢ and 1 are positive they attain their norm at the identity, hence

e(1) +9(1) = el + 191l = [l = ¢l < o(z) =9 (2) + e,

so p(1 —x) +¢¥(1+ x) < e. By the spectral mapping theorem 1 — z and 1 4 z are positive
elements less than 2. Define z := (1 + z) and note z € Al

ga(l—z):go(l—%(l—&-x)) zécp(l—m)<e,

W(z) = ¥ (%(1 + x)> - %wu ta)<e.

Assume for every € > 0 there exists z € A} such that ¢(1—z) < € and ¢(z) < e. By the triangle
inequality it suffices to show || — || > ||¢|| + ||¢||. Using our assumption

1) +4(1)
2-1—-22+4+22)+ (1 — 22+ 22)

22— 1)+ 2p(1 — 2) + (1 — 22) + 2¢(2)
2z — 1)+ (1 —22) + 4e

=(p—9)(2z2 — 1) + 4e.

el + 11l = ¢
@
¢

= = =

By the spectral mapping theorem o(2z — 1) C [-1,1], o(1 — 2z) C [-1, 1] hence both elements
are self-adjoint and spectral radius tells us ||1 — 2z|| < 1. Thus

(p—¥)(22 — 1) + e < [Jo — || + 4.

As £ was arbitrary ||| + [[4]] < [[¢ — || O
We are now ready to prove the Jordan decomposition.

Proof of Jordan decomposition ( [Ped79]3.18). We assume without loss of generality that the
[lell = 1, indeed if the norm of ¢ is different from 1 define ¢ as the normalisation of ¢. Thus
Lemma 3.19 applies and ¢ can be written as a convex combination of positive functionals in the
unit ball

p = a1 = (1 - a)ps,
for o € [0, 1]. Letting ¢4 = ap; and p_ = (1 — a)pa2, yields a decomposition of ¢ into positive
linear functionals. We show ||¢|| = [l¢+]|+ ||¢—||- Using the triangle inequality it suffices to show
[+l + lle—[I < lloll- By construction of ¢, ¢
oIl + -] = edlerl] + 1 = )@l = elllerl] = ll@z2ll) + llpz]]-
We have two cases ||l > [[@all o [lg1]] < llgall, in case 1, as @ < 1 and 1] < floll =1,
a(llell = llpzl) + le2ll < fleall < lell,
and in case 2 [|¢1]| — [zl < 0 and [lgs| <@ =1

a([leall = lle2l) + ezl < llpall < [lell-
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We show uniqueness. Assume there exists @1, @2, 1,92 positive linear functionals such that
o1 — Y1 = 2 — P2 and |[p1]| + [[¥1][ = [[2]| + [|¢2]|- By Lemma 3.20 for all € > 0 there exists
some z € A} such that ¢1(1 — 2) < & and t1(z) < . This implies

©2(2) = pa(2) = ¥2(2) = 1(2) — ¥1(2) > 1 (1) — 2¢,
Ya(l—2) 2 h2(l—2) —pa(l —2) =¢P1(1 — 2) —p1(1 — 2) > ¢ (1) — 2e.

Thus
©2(2) +1h2(1 = 2) > o1(1) = 26 + 91 (1) — 28 = ||| + [[¥]] — 4e = [[pal] + [[h2]] — 4e,
hence ¢a(1 — 2) + () < 4de. By assumption ¢y (z) — a(2) = ¥1(x) — a(z) for all z € A
e1(x) — a(x) = pr1(22) — p2(22) + e1(2(1 — 2)) — 2(x(1 - 2))
= 1(22) — P2(xz) + p1(2(1 = 2)) — 2(x(1 - 2))
Applying the Cauchy-Schwarz inequality to v (2z) and recalling that z € AL,
W1 (22)]? <1 (@ 2y (2%) < [e|Plleal[en(2) < [l2|Pllor = il (2) < [|2]1[ler — e,

where the second last inequality comes from ||p1 — ¥1|| = |le1]| + ||®1]|. We bound the other
three terms similarly

[Ya(@2)]? < va(a™2)a(2?) < |lo]*[lo2 — vallva(z) < |lz]*ller — i ll4e,
lor(2(1 = 2)* < 1@ 2)e1((1 = 2)%) < [l2]P[ler — daller(1 = 2) < [[2]Pller = talle,
lo2(2(1 = 2))I* < @2(a"2)92((1 = 2)*) < |[2[*[l02 = ¥all2(1 = 2) < [|2]*[l¢1 — valde.

Combining our estimates

[1(2) = @2(@)] < [1(22)| + [a(2) 4 loa(a(1 = 2)] + [pa(a(1 = 2))]
< |l=|] [l¢r — ] (55 1267 4 g2 +25%)
— llall i1 — ] 6e*.

As € was arbitrary @1 = @2 and hence ¥ = 5. O

We are now ready to reap the reward of our previous work.
Proposition 3.21 ( [CGS123|(2.1)). Let A be a unital C*-algebra.

(i) If f € ART(A), then we can pick a € As, such that f = a, where a(t) = 7(a) for all
7 € T(A). Further a is unique modulo [A, A] and given any € > 0 we can choose a such
that |lal| < ||f]| +e.

(i) [A, Al N Agq is spanned by {[z,z*] | z € A}.

Proof. Before showing property (i) and (i), we show the space of bounded tracial functionals
Tc(A) := {7 € A*|7|(a,4) = 0} is canonically isomorphic to (A/[A, A])* such that the weak*
topology is preserved, then for f € AffT(A) we extend it to a w*-continuous self-adjoint bounded

linear functional f : Tg(A) — C. We show Tc(A) and (A/[A, A])* are isomorphic.

Let ¢ : Te(A) — (A/[A, A])* be given by (1) = [T]A/m, where [T]A/m(a) = 7([a]). This is
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a well defined map, and is bijective as ¢ € (A/[A, A])* are just the bounded linear functionals
mapping elements of [A, A] to 0. Clearly ¢ is linear, and an isometry, here the norms are the
operator norms on T¢(A) and (A/[A, A])* respectively. We show ¢ preserves the weak* topology,
that is we show it is continuous with continuous inverse. Let (7;)icr C Tc(A), 7 — 7 € Tc(4)
be a converging net,

o(7)(a) = [r] y prap (@) = 7illa]) = 7([a)) = o(r)(a),

hence ¢ is weak* continuous. Let ([T]]A/ AA])]e] C (A/[A, A])*, [Tj]A/m — [T]A/m be a
converging net,

o™ ()4 o) (@) = 75(0) = 7(@) = ([ 4 ) )
We show there exists an extension of f € AffT'(A) to a w*-continuous self-adjoint bounded
linear functional f : Tc(A) — C. First define f : T, (4) — R from the positive traces to the
real numbers by f(r) = ||7||f (ﬁ) For the next bit let 7 € T¢(A), and decompose 7 into
self-adjoint functionals

1
T= (T-"-T)-I-Z'Z(T—T*),

l\D\»—l

we will denote 3(7+7*) by Re() and & (7 —7*) by Im(7) and call them the real and imaginary
part respectively. Note Re(7) and Im(7 ) are selfadjoint and R-linear. Since they are self-adjoint

we find their Jordan decomposition, Re(7)+ and Im(7)+. Define IE Tc(A) — C by

F(7) = FRe(r)1) = FRe(r)-) +i(f(Im(r)4) = F(Im(r))).
We show fis self-adjoint. By Definition 3.17

fr(r) = Fr) = FRe(r*)4) = f(Re(7)-) +i(f(Im(r*)1) — f(Im(r*)-))
= f(Re(7)+) — f(Re(r)-) — i(f((—Im(7))+) — F((~Im(7))-)).
Since (—7)4 = 7— and (—7)_ = 74, which follows from uniqueness of the Jordan decomposition,
JRe(7)4) = F(Re(r)-) —i(f(Im(7)-) — F(Im(7)+))
= F(Re(r)1) = F(Re(r)-) +i(F(Im(r);) — F(Im(r))) = f(7).

We show linearity of f, let o € Te(A). First we show additivity of f, to see this we need additivity

of f. Observe
- T+o T+0o
flr+o)= 7'-|—O'f< ): T+O’f<7),
o=l ol \an) =7 W A o

where the last equality comes from that the norm is additive on positive linear functionals. Note

rll 7 <1_ Eal )0 T loll o _ 740
7l + flefl ]Il Wil el lell Al lell izl + el el (Il + lloll

Using f is affine

I+l (g () ren? (o)) =107 (i) 1 ()

= f(1) + f(o).
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Let ¢ € Rt then f(er) = ||er|f (HCTH)

cf(7), and hence f is R*-linear. Observe for ¢ some
self-adjoint linear functional, and 1,12 > 0 be positive linear functionals such that

Flr) =

)=

o4+ —p— =1 — Py then f(<P+) flp-) = f(t2) indeed

F@1) + flo-) = Fr + =) = flo+ +12) = Flos) + F(2).
Recalling that Re(r) and Im(7) was R linear and self-adjoint

Re(r +0)+ —Re(t + 0)— = Re(1 + o) = Re(7) + Re(o)
= Re(7)+ — Re(7)— + Re(o)+ — Re(o)_.

Hence
F(Re(r +0)4) = f(Re(r +0)-) = f(Re(7)+) — f(Re(r)-) + f(Re(0)+) — f(Re(0)-),
analogously one observes
(7 +0)1) = f(Im(r + 0)-) = f(Im(r)4) — f(Im(r)-) + f(Im(0)4) — f(Im(o)-).
Using this
fr+o)=

Let « € C, a = a + ib for a,b € R, then
flar) = flar) + f(ibr).

Consider f(aT), if @ > 0 then (a7); = a7y and (a7)_ = a7_, and as f was RT-linear and
Re(7),Im(7) are both R-linear

flar) = F(Re(ar)1) = F(Re(ar)-) +i(f(Im(a7)+) - F(Im(a7)-))
= af(Re(7)4) — af (Re(7)-) +i(af(Im(r)+) — af (Im(7)-))

= af(r).
If a < 0 then
flar) = f(—(=a)7)
= —af(-)
= —a(f(Re(—7)4) — F(Re(=7)-) +i(f(Im(—7)4) — F(Im(-7)_)))
= —a(f(Re(7)-) = F(Re(r)4) + i(F(Im(r) ) — F(Im(r))))
= a(f(Re()4) — F(Re(7)-) + i(f(Im(7) 1) — F(Im(r)_)
= af(r)

Lastly if a = 0 then f(ar) = af(r). Hence

flar) + f(ibr) = af(r) + bf (ir).
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We show f(it) = if(7). Note

Re(ir) = 2 (ir + (ir)") = 5(r —7%) = —g:(r —7*) = ~Tm(r),
Im(it) = = (it — (i7)*) = 1(7' + 7%) = Re(1)
Using this
flir) = F(Re(it) 1) — F(Re(ir)-) + i(f(Im(ir);) — F(Im(ir)))

= f((=Im(7))+) — f((~Im(7))-) +i(f(Re(r)+) — f(Re(7)-))
= i(f(Re(1)+) — F(Re(7)-)) + f(Im(7)-) — f(Im(7)4)
= i(f(Re(7)+) — F(Re(7)-)) — (fF(Im(7)+) — f(Im(7)-))
= if(7).

We show ||f]| = ||f]], hence f is bounded. For all 7 € Tc(A) there exists a z € C with |z| = 1
such that |f(7)| = zf(7) = f(z7). Let € > 0 then there exists 7 € Tc(A) such that

IFIl < 1F(m) +e=J(zr) +e.

As f(z7) = |f(7)] we must have f(z7) € R, continuing our calculation

= % (f(zr) + f(ZT)) +e=f (%(27 + (zT)*) + &= f(Re(z7)) +e.
Observe ||[Re(z7)|| < ||z7|| = |I7||. If ||7|] <1 then ||Re(27)|| < 1, and as Re(z7) is self-adjoint
then

Al =" sup |f(r)[< sup [f(7)].

TET(A) TETR(A)
lIrlI<1 [Irl1<1

Further as Tr(A) € Tc(A), suprema) |f(7)] < suprem.(ay | f(7)] hence
[Irl1<1 [Irl1<1

Ifll = sup [f(7)]
TETR(A)
[I7l1<1

Therefore, to compute ||f|\ it is enough to consider 7 € Tg(A). We find the Jordan decomposition
of 7, 7 =71 —7—, and | |74 ||+||7=|| = ||7||. If||7|] < 1then ||[7+7_|| <|[|7|] < 1. Pick 7 € TR(A)
such that _ _ _ ~ _

A< [f (M) +e=f(ry =) +e < [f(r)| + [ f(7-)] + e

As 14, 7_ are positive, we get that f(74), f(7—) are positive numbers, hence

fEOl+H ) +e=flry +7-) +e

Since 74 + 7_ are positive elements with norm less than or equal to ||7],

I < sup [f(7)];
TET (A)
[I7I<1
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and as T (A) C Tr(A) _ ~
Ifll= sup [f(7)]

TETL(A)
lI71<1

If T (A) is not {0} then

sup [f(7)l= sup [f(7)]=Ifl].
TET(A) TETY (A)
[Irll<1 [Iml=1

If Ty (A) = {0}, then trivially

sup |f(7)| = sup |f(7)] = [[fI.
TE‘TlT<(114) T€T(a)
[Irl1<

We show fis w*-continuous. By Corollary 2.7.9 in [Meg98] to show w*-continuity of fit suffices
to show f is w*-continuous on the unit ball of T(A), which we will denote by T¢(A4). Let
(7:)ier C T{(A) be a converging net 7; — 7. Then

f(ri) = F(Re(ri)1) = F(Re(r;)-) + i(F(Im(r;) 4) + f(Im(7:) ).
By the construction of the Jordan decomposition
Re(7:) 4, Re(m;) -, Im(7) 4, Im(73) - € TE(A).

Hence
(Re(73)+, Re(ri)—, Im(73) 4, Im(73) _)ser © (TE(A))"

induces a net. As TE(A) is compact then (TE(A))* is compact so there exists a subnet (7;,)i,er
such that

Re(7i; )+ — n1, Re(ry,) = — m2, Im(73; )4 — m3, Im (73, ) = — 04
Further as Re(7;;) — Re(7) and Im(7;;) — Im(7), and the w* topology is Hausdorff
m —n2 =Re(1)y —Re(7)—, n3—n4s=Im(7); —Im(7)_.

Recall f is norm continuous, and hence w* continuous, thus f will also be w* continuous on
positive functionals. Hence

= f(Re(r;)+) — F(Re(r,) ) +i(f(Im(7i;)+ ) + F(Im(7;,)-))
= f(m) = F(n2) +i(f(n3) + F(na))-

As positive elements are a closed set the n’s are positive and since

f(7i;)

m —n2 =Re(r)+ — Re(7)-, 73 —na =Im(7)+ — Im(7)—,
we get
Fm) = F(n2) +i(F(ns) + F(na) = F(Re(r)4) — F(Re(r)-) +i(F(Im(r)4) — F(Im(r)-)) = f(7).

Thus for any convergent net, we have found a subnet such that fof the subnet is equal to fof the
limit, luckily this is equivalent to normal continuity and hence we have shown that f extends to
a w*-continuous self-adjoint linear functional f, thus f € (T¢c(A4))* = (A/[A, A])*. Recall for any
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Banach space, B, we can identify the double dual with B when B* is equipped with the weak*
topology, hence A/[A, A] = ((A/[A, AL, || - ||)*, w*)* = (Tc(A))*, where the first isomorphism is
identifying with evaluation functionals. B

We prove (i). Let f € AfT(A) and extend f to f € (ITc(A))*. Then there exists a € A such that

[a] , JAA f using our above two isomorphisms, further as f is self-adjoint we can find a self-
adjoint. Uniqueness follows as we are using isomorphisms. As f is weak® continuous this yields
that f =a. Let € > 0, and recall our isomorphism is an isometry so HMHA/M =1l = ISl

and by definition of the quotient norm
llall < alll 4 jpaz; +€ = Il + &

We show (i7). Note
[z, 2] = (xz* — 2™2)" = xx™ — x™x = [x,2"].

Hence spang([z,z*] | x € A) C A, and so spang([z,2*]) C [A, A] N Asq. Let a,b € A we apply
the polarisation identity on [a, b*|

la,b] = B(Hb),%(ﬁb)*} _ E(a—b),%(a—b)*}
n B(a+ib),%(a+ib)*} i B(a - z‘b)é(aﬂ'b)*} .

To simplify notation set

1

x1 = i(a +b),
1

xTog = i(a -b),

x3 = =(a +1b),
1 .

T4 = i(a —ib).

If @, b are self-adjoint then
(21, 21] = [, 23] + ilws, 23] —ilwa, 23] = [21, 27] = [w2, 5] — i[ws, 23] + ilxa, 23],

hence [z3, 23] = [z4,23]. For h € [A, A] N A, write
h=> Xla;, b3,
J

where a;,b; € A. Since h € Aga, [aj,b5]" = [a;,05] and \; € R. Applying the polarisation
identity to h yields

b= las b5 = S A ([040,25 = [a2,35] € spang (,07] | @ € 4).
J J

O

Our next goal is to show S(AffT(A)) = T(A) and apply Kadison duality, however we need to
how we extend maps defined on self-adjoint elements to the entire C*-algebra.
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Lemma 3.22. Let A be a unital C*-algebra and let ¢ : Asq — R be a bounded linear functional.
Then there exists a self-adjoint bounded linear functional ¢ : A — C such that

¢(x) = pla) +ip(d), a,be Asa.

Moreover if ¢ € T(A) then ¢ is a tracial state.

Proof. Let x € A, and decompose x© = a + ib where a,b € A,,. Hence defining ¢ by

¢(x) := pa+ib) = p(a) +ip(b)

makes sense. Observe that ¢ is linear and bounded since ¢ is. Assume z € Ag,, then the
decomposition implies z = a, thus @ extends ¢. Assume ¢ € T(A). We want to show that ¢ has
the trace property and is a state. As positive elements are self-adjoint applying ¢ is the same as
applying ¢ thus ¢ is positive, and @(14) = 1, hence ¢ is a state. What is left to show is that ¢
has the trace property. Recall the polarisation identity

3
wry =3y Mt y) (it ),

Fo((iFx +y)* (Fz +y))
Fo((iFx +y)(iFx +y)*)

o +y)(i*x +y)*)

We are now ready to apply Kadison duality to AfTT(A).

Proposition 3.23. Let A be a unital C*-algebra and let T(A) denote the space of all tracial
states. Then the state space of AffT(A) is affinely homeomorphic to T(A). By Kadison duality
AffT(A) and T(A) has the same data.

Proof. To show S(AffT(A)) = T(A) we construct two positive affine continuous maps, x, 6, and
show they are inverses. The two maps x : S(AffT(A)) — T(A) and 0 : T(A) — S(AHT(A)) are
given by

x(p)(a) = e(@) 0(P)(f) = f(¥),

for a € As, and f € AffT(A). x makes sense as by Lemma 3.22 it is enough to define x(y) on
self-adjoint elements. For the rest the proof let 1,92 € S(AfT(A)), V1,2 € T(A), x € A with
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decomposition & = by + iby for by, by € A, and for f € AfT(A) find a € A,, such that f =@
by Proposition 3.21. We show x and 6 are inverses. First

x(0(¥))(a) = 0(¢) (@) = a(y) = ¢(a),
then by definition of ¥ and the above
X(0(¥)(@) = x(6(¥))(b1) + ix(0(1)) (b2) = p(b1) + i) (b2) = ().
The other composition
0(x(¥))(@) = a(x(¢)) = x(¥)(a) = ¢(a).
Hence we have a bijection between the two spaces. We show positivity. First x, let ¢ < g then
x(p1)(a) = 1(@) < ¢2(a) = x(p2)(a).
Then X
X(o1) (@) = x(p1)(b1) +ix (1) (b2) < x(2)(b1) + ix(p2)(b2) = X(p2)(2).
Now 6, let 11 < 1o
0(v1)(@) = a(yr) = v1(a) < ¥a(a) = 6(¢2)(a).
We show ¥, 6 are affine. First x, let ¢t € [0, 1],
X(te1+ (1 =t)@2)(a) = (tp1+(1—t)p2) (@) = to1(a) + (1—t)pa2(a) = tx(p1)(a) +(1—t)x(p2)(a).
Then for ¥
X(te1 + (1 = t)p2)(x) = t(x(p1)(b1) + ix(1)(b2)) + (1 — 1) (x(#2)(b1) + ix(p2)(b2))
= tX(p1) (@) + (1 = 1)X(p2)(2)
Now 6,
O(thr + (1 — t)2) (@) = @ty + (1 — t)2) = ta(yn) + (1 — t)a(ve) = t0(¢1)(@) + (1 — £)0(¥)(a).
We show continuity. Let (¢;)icr C S(AfT(A)) and (;)jes C T(A) be converging nets
i >, Y.

Both spaces has the w* topology, hence the nets (y;)icr, (¥j);jes converges if and only if for all
f e AffT(A) and for alla € A

ei(f) = @(f),  ila) = ¥(a).
We show continuity for .
x(pi)(a) = pi(@) = ¢(a) = x(#)(a),
Then for Y.
X(pi) () = x(i) (br) +ix (i) (b2) = x(0)(b1) + ix(0)(b2) = X(0) ().
Now 6.
(i) (@) = a(yi) = vi(a) = ¢(a) = 0(y)(@).
Recalling that T'(A) is compact in the w* topology AffT(A) is complete by Lemma 3.13, and by
Kadison duality 3.15 AffT(A) and S(AffT(A)) = T(A) has the same data. O

We are now done with this small detour into the world of order unit spaces, and can conclude

that for a unital C*-algebra A working with T'(A) or AffT(A) will give the same results by
Kadison duality. Moving forward in this project we will consider AffiT'(A) instead of T'(A).
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4 The functors KT, and K *®

In this section we will introduce the pairing map, p4, which connects Ky(A) and AT (A). Then

—al
we define two functors, K, ©(A) and KT, (A) both of which are constituents in the total invariant
we will define in section 6.

4.1 KT,
To define KT, of a C*-algebra we first need to define the pairing map.
Definition 4.1. Let A be a unital C*-algebra and define the paring map pa : Ko(A) — AffT(A),
for p,q € P,(A) and 7 € T(A) by
pa([plo = [glo)(7) :== Tu(p — q),
where 7, denotes the non-normalised extension of 7 to M, (A) that is 7,,(1as,(a)) = n. We write
(ﬁn - @\n)(T) = Tn(p - Q)-
for the non-normalised extension of the evaluation.

We now define one of the key objects in this thesis, KT, together with morphisms between such
objects, both of which will be studied in more detail later in the thesis.

Definition 4.2 ( [CGS'23](2.3)). Let KT, be the functor on the category of unital C*-algebras
with unital *-homomorphisms that assigns to a unital C*-algebra the quadruple

KT, (A) = (K.(A), [Lalo, ABT(A), ).

A KT, morphism (au,v) : KT, (A) — KT,(B) consists of a pair a,. = (ag, 1) of homomor-
phisms «; : K;(A) = K;(B), for i € {0,1} with ag([1a]o) = [1B]o and a positive linear map
v : AffT(A) — AfT(B) such that

Ko(A) 225 ART(A)

aol y
Ko(B) —5~ AHT(B)
commutes.

—al
We now move to defining the other functor, K; °(A), which will require a bit more work.

4.2 Constructing F?lg

For this section let A be a unital C*-algebra and denote by U, (A) the group of unitaries in
M, (4), in the norm topology. We will also denote by DU, (A) the derived subgroup of U, (4),
that is elements on the form uvu*v* where u,v € U,(A). We wish to define a direct limit of
U, (4), so consider the connecting maps ty,m : Un(A) = Uy, (A) given by

'_>a0
“7\o 1)

and construct the direct limit Us(A). We equip this with the inductive limit topology, which
is given by V C Uy (A) is open if and only if V N U, (A) is open for all n € N. We also define
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the infinite derived group, DUy := J, DU,(A). Note that in the inductive limit topology

multiplication is separably continuous and inversion is continuous in U (A) hence DUy (A) will

be a normal subgroup of Uy, (A) and therefore we Uy, (A)/ DUy (A) is well defined.

Definition 4.3 ( [CGS'23](2.6)). Let A be a unital C*-algebra. Define the Hausdorffized
unitary algebraic K group of A by

—al R —

K 8(A) := Us(A) /DU (A).
We write [u]ag for the equivalence class of u € Us(4) in Félﬂg(A). Let ¢ : A — B be a
uniltal *-homomorphism, then there is an induced map F?lg(gp) : F?lg(A) — F?lg(B) given by
K1 %(0)([Wlag) = [0 (u)]aig, for u € U,(A), where ¢ is the induced map on the matrix

algebra U, (A). Hence F? ® is a functor from unital C*-algebras to abelian groups.

One property of DU (A) is that all elements in it are connected to the identity.

Proposition 4.4. Let A be a unital C*-algebra and DUy (A) its infinite derived subgroup, then
DU (A) C Uég)(A), where Ur(LO)(A) is the unitaries homotopic to the identity.

Proof. Let u,v € Up(A), then

wvu*v* 0 0 u 0 0 v 0 0 u* 0 0 v* 0 0
0 1 0)]=10 uw* O 01 0 0 u O 0 1 0
0 0 1 0 0 1 0 0 o* 0 0 1 0 0 v

Thus to show that uvu*v* ~p, 1in DU (A) it is enough to show that each of the four constituents
in the product is connected to the identity. By Whitehead’s lemma [RLLO00](2.1.5)

G~

Hence
u 0 0 1 0 0 u* 0 0
0 v 0] ~, |0 1T O~ |0 uw 0},
0 0 1 0 0 1 0 0 1
and
v* 0 0 v* 0 0 1 00 v 0 0 v 0 0
0 1 O0)~p O v Of~p,|0 1 O)~r [0 v O]~p|0 1 0
0 0 w 0 0 1 0 0 1 0 0 1 0 0 o*
Thus
wou*v* 0 0 1 0 0
0 1 0)~p, |0 1 O
o 0 1 0 0 1

What we just saw implies there is a canonical projection of ?ilg(A) unto K;(A).

Definition 4.5. [CGS'23](2.9) Let A be a unital C*-algebra. There exists a canonical surjection
Aa F?lg(A) — K1(A) given by #a([ulaeg) = [u]1 for u € Us(A). This is well defined by
Proposition 4.4.

This finishes what is a pretty small section, however the definitions, especially KT, will be used
later.
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5 The Thomsen map

As the name suggest, this section will be devoted to the Thomsen map, which connects AffT(A)

—alg
and K, .

5.1 Constructing the Thomsen map

Our goal is to define a map, Thy : AffT(A) — E?lg(A), given by Th (@) = [€2719], for some
a € Ay, where A is a unital C*-algebra. Recall by Proposition 3.21 any f € AffiT(A) can be
realized as the point evaluation functional @ for some self-adjoint element a € Ag,, so it makes
sense to define Th 4 only for point evaluations of self-adjoint elements.

Proposition 5.1 ( [CGS™23]). Let A be a unital C*-algebra and define
Thy : AfT(A) — F?lg(A) by Tha(a) = [€*™] 41y using functional calculus. Then Thya is a well

defined continuous group homomorphism. We will call Th the Thomsen map.

Proof. We check Thy is a continuous group homomorphism. Recall working in Us(A)/DUx(A)
means that elements commute hence
e (et e m)" = ¢i%e ™ = 1, mod DUs(A).

Using the above together with the Lie-Trotter formula:

elagibo=ilatb) _ iy eiaeib(e—i%e—i%)n

n—oo ’
we get o , L
eee™@t) — 1, mod DU (A).

Hence a — [62’”"’]alg is a continuous group homomorphism. We show Th, is well defined. By
Proposition 3.21 we have [A, A] N A, = span{[z,z*] | * € A} and since we are working mod
DU (A) together with Thy being a continuous group homomorphism it suffices to show

2mi(v v—vv*
[6 ( )]alg =0,

for each v € A. Pick some y € R such that ||[v]] < y. For t € [0,1] let wy = tv + yla, we will
often abuse notation and simply write w; = tv + y. Note

lyla = (tv+yla)| = ltvll <y =L~

by Proposition 2.1.11 in [RLLO00] w, is invertible, and by Proposition 2.1.8 also in [RLL00] there
exists a unitary, u; such that u; = ww|™* = wt(w;‘wt)*%, defined by functional calculus.
Consider the element w; = v 4+ y, we observe two properties of this element. First

wiwy —wiwi = (V" +y)(v+y) - (v+y)(v" +y)
= 0"+ Yo’ 4+ yv + y? — vt — yv — yo* — 3>

=v*v — vv*.
To show the other property, note w; = uj|w;| and |wy| is selfadjoint since wjw; is selfadjoint.

urwiwiul = ug|w | uiug lwy jul

wy w7 [*[ws | (Jwy |7 Fwy

= wiwy.
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Combining these properties
6271'1(1) v—vv*) _ 62771(w1w1—w1w1) mod DU(A)
_ e27m(w1w17u1w1w1u1) mod DU(A)
o . * x
— 627”1”111)16727”'“1“)11“1u1 mod DU(A)
— ezmwlwlule_%““lwluf mod DU(A),

where the last equality comes from functional calculus. Thus e2™¥¥"?=v%") j5 on the form aba*b*
and hence is an element of DU (A), therefore [e2™/(v v=vv")] ) = 0. O

We wish to construct a short exact sequence using the Thomsen map and the pairing map.
However to show exactness we first need to consider another map entirely, namely de la Harpe -
Skandalis determinant map.

5.2 de la Harpe-Skandalis map

In this section A will be a unital C*-algebra and U, (A) will denote the group of unitaries in
M, (A). As the section name suggest we first define the de la Harpe-Skandalis determinant map.

Definition 5.2 ( [CGS*23][Proposition 2.11]). Let u : [0,1] — U,(A) be a piecewise smooth
path. For any trace on A, 7 € T(A), we define the de la Harpe-Skandalis determinant map by

Batuin) = o [ . ((Guo) ) o

where 7,, is the non-normalised canonical extension of 7 to M, (A).

There is a lot to unpack in this definition, does 4u(t) even make sense? We will unravel the

dt )
definition starting with the simple case, what happens when u(t) = €27 for some self-adjoint

element a € Ag,.

Proposition 5.3. Let a € As_a be a self-adjoint element of a unital C*_—algebm A. For each
t € [0,1] define the element e*™®® by functional calculus. Then u(t) = €*™% s a smooth path of
unitaries and Su(t) = 2miae e,

Proof. By construction u(t) is a path of unitaries, we now compute %u(t). Fix ty € [0,1], since
the spectrum of a is compact
( 1 (627ritx _ e27rz‘tom)> 7
t—1o teR\{to}

will converge uniformly to 2mize?™®#0® when z is in the spectrum of a for t going to to. As €27
is defined by functional calculus

lim (627tha _ e?ﬂ'ztua) _ 27Tia627rztga _ 0’
t—to || T — tg
by definition <e?™® = 2miae?™** which implies e2™"*® is a smooth path of unitaries. O

As we have found %62”““ we can compute A4 (u).
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Example 5.4. Let a € As, be a self-adjoint element of a unital C*-algebra, A, and consider the
smooth path of unitaries given by u(t) = e2™*?. Then A4 (u)(7) = 7(a).

Proof. By Proposition 5.3

~ 1 ‘ ‘ 1
A (u) / 7 (2miae*™ e 2T dt = / 7(a)dt = 7(a).
0 0

" 2mi

O

This example will form the basis of how we compute the determinant of an arbitrary path. We
will show later that any piecewise smooth path can be written in some exponential form and
hence be calculated more or less as in the example.

11
Lemma 5.5. Let arccos : [—3,%] — [0,7] be the inverse function of cos|[[0 ;]’2]. Then the

function f: (=3,%) = T\{=1} given by f(t) = €*™ has inverse 5—In : T\{-1} — (-3, %)
which satisfies:

e 5 In is smooth,
™

In(z)| = 5= arccos (1 — 1|z —1]?).

.‘ 27

1
27

Proof. f is smooth and for all n € Ny, f(")(t) = (27i)™e*>™" # 0, by the inverse function theorem

ﬁ In is smooth. The other property follows from a straight forward computation. Recall for

z € T\{—1} we can write z = 2™ = cos(27t) + isin(2nt) for some ¢t € (—3, %), thus

1
=t = o arccos(cos(27t)) = o arccos(Re(z)).

— In(z)

One observes

|z — 1% = (cos(27t) — 1)? + sin®(2nt)
=1+ cos?(2nt) — 2 cos(2nt) + sin®(27t)
= 2(1 — cos(27t))
= 2(1 = Re(2)),

so Re(z) =1 — [z — 1|°. Hence

1 1 1
—,ln(z)' = .- arccos (1 — E‘Z — 1\2> .

O

We now consider what happens when z is not a complex number but a unitary or unitary path.

Corollary 5.6. Let u € U(A) with ||[u—1|| < 2. Then a := - 1In(u), defined by functional
calculus, satisfies

e a is selfadjoint.
o |la|| = & arccos (1 — §[lu —1]|?).

o U= 627r1a'
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In particular for some to,t1 € [0,1] with to < t1, if u : [to,t1] = U(A) is continuous/piecewise
smooth, and supycp, 4,1 u(t) — 1| < 2 then a(t) : [to,t1] — Asa defined by a(t) = 7 In(u(t))
satisfies

o a(t) is continuous/piecewise smooth,
o sy, la(t)| = & avecos (1= & supyey, o lult) = 1)),

. u(t) _ e27ria(t)‘

Proof. First note for all t,s € [0, 1], o(u(t)u*(s)) C T\{—1}. Indeed suppose —1 € o(u(t)u*(s)),
then
lu(@)u*(s) = 1| = [ -1 - 1] =2.

Hence we can make the complex logarithm is continuous by taking a branch cut at —1 and hence
a and a(t) are well defined by functional calculus. We show a is self-adjoint. Since a is normal
with spectrum

a<%#mm)={£%mgnzeamﬁ
c {551 |z eT\(-1)]

(1

a is selfadjoint. We compute the norm of a. By Lemma 5.5

1
llall = sup |5—In(2)
z€a(u) | 2T
1 1 )
= sup ——arccos |1—=]z—1]7].
z€o(u) <™ 2

arccos is a decreasing function so arccos ( — %|z — 1|2) is large when 1 — %\z — 12 is small, thus

1 1 1 1
Sup —— arccos (1 - =]z - 1|2) = —arccos |1 — = sup |z — 1
z€o(u) 2T 2 2m 2 Leo(w)

1 1
= —arccos (1 — —|lu—1]*].
27 2

The properties for u : [to,t1] — U(A) being a continuous/piecewise smooth path follows from
analogous computations. O

Having seen that we can write unitaries and unitary paths in exponential form, we are ready to
prove a lemma, which will by paramount to proving the desired properties of the de la Harpe-
Skandalis determinant map.

Lemma 5.7. Let A be a unital C*-algebra and let u : [0,1] — U,(A) be a continuous path of
unitaries. Then for every 0 < e < 2 there exists a piecewise smooth path v : [0,1] — U, (A) such
that u(0) = v(0), u(1) = v(1) and

sup ||u(t) —v(t)|| <e.
te0,1]
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In particular w is homotopic to v, u ~p v.

Proof. Since u is continuous we find 0 =ty < t; < ... < tx = 1 such that
* g
sup ||u(t)u’(tj-1) — 1l = sup |lu(t) —u(t;-1)l| < 3
tE[t;j—1.t5] tE€[t;—1,t5]

For j € {1,2,...,k} define a; : [tj_1,t;] = M, (A)sq by functional calculus
1 *
a;(t) = %ln(u(t)u (tj-1)),
thus for ¢ € [t;_1,t;], u(t) = e*™%Ou(t;_y).
By Corollary 5.6 a; is well defined and

lla; @) = — -1 Ju(t) = 1) ] < = (1 |2 1!2)
sup 114, = g-arccos | L —— sup |jull) — —arccos [ 1—= |- — .
tE[t;—1,t5] ! 2m 2 tefto,t1] 2T 212

Define Eij : [tj_l,tj] — Mn(A)sa by

N t—t;
a;(t) = —3=Lq (t)).
0= =)
Note a; is smooth and
~ 1 1e 2
sup ||a'(15)H:||a'(tA)||<—arccos(1—f‘f—1’)7
teftj—1,t5] ! o 2 212

with the last inequality coming from the bound above. Using a; we define a continuous path by
e2miar(y(0) if ¢ € [0, 1],
v(t) =
e2miar Oy (ty 1) if ¢ € [ty 1].
First note
v(0) = e2mian ©u(0) = u(0),
o(1) = e Duftyy) = % Dulty) = u(1u(ti-r) ulti-r) = u(1).

Moreover for each j, e2mia; (t))y(t;_1) is smooth hence v will be piecewise smooth if the endpoints
are connected. For j € {1,2,...,k — 1} we compute

T Du(ty 1) = P Bu(ty ) = ulty)

e?miair1ty () = Ou(t;) = ulty).
We show [[u — || < e. It is enough to check supcp, , .1 [u(t) — v(t)|| < e. Using our bounds
l|la;(t)]] < 5= arccos (1 - 35— 1|2) and ||a;(t)|| < 5= arccos (1 -1ls- 1|2), so by functional
calculus

sup || ® 1| <1 g,
teftj—1,t5]
E

sup  |[e?m e ®) || <1 - =,
teftj—1,t5] 2
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Thus by the triangle inequality

sup ||u(t) —v(t)]| <e.
te[tj—1,t;]

Lastly u is homotopic to v by Proposition 2.1.3 in [RLL00]. O

We are now able to prove the main theorem of this section.

Proposition 5.8 ( [CGS123][2.11]). Let A be a unital C*-algebra. The de la Harpe-Skandalis
determinant map gives a continuous group homomorphism

Ay Us(C([0,1], A)) — ART(A)
such that

(i) &A(u) depends only on the homotopy class of u, in the space of continuous unitary paths
that fixes endpoints.

(i) For a self-adjoint h € M, (C([0,1], A)),
AA(E™M)(7) = Ta(h(1) = h(0)), T € T(A),
where T, is the canonical non-normalized extension of T to M, (A).

(iii) Let (Co((0,1), A))" denote the unitisation of Co((0,1), A), and identify the homotopy classes
0f Uso (Co((0, 1), A))) with Ko(A) by applying the Bott map. Then the homomorphism from
(i) is given by the pairing map pa.

(iv) There is a continuous group homomorphism
dety : UD(A) — AT (A)/Tmpa,
given by det 4 (u) := EA(’U)-{-m, where v € Uso (C([0,1], A)) hasv(0) = 14 and v(1) = u.
Proof. We start by showing the de la Harpe-Skandalis determinant map is a group homomor-

phism. Let u,v : [0,1] — U,(A) be piecewise smooth paths of unitaries, and 7 € T'(A) be a
trace. Then

2mila (uv)(7) = /0 L <(%u(t)v(t)> v* (£ (t)) dt

_ /0 o ((%u(t)) w(E)0 (B (8) + u(t) (%v(t)) v*(t)u*(t)> dt

— 2mila(u)(r) + /0 . (v*(t)u*(t)u(t) (%v(t))) dt
= 2mi(Aa(u) + A (v)).

We prove (7). Let u,v : [0,1] — U,(A) be piecewise smooth paths of unitaries such that
u(0) = v(0), u(1l) =v(1), and let |ju — v|| < 2. Define a : [0,1] — M, (A)sq by

a(t) = — In(u(®) v (t).

21
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By Corollary 5.6 a is well defined and piecewise smooth, moreover as u and v have the same
endpoints
a(0) =0 =a(1).

Computing the determinant

Aa(v)(7) = Aa(e®™)(7)
e d o ;
_ & 2mia(t) —27ia(t)
37 Tn((dte )e >dt
1
i, Tn <2m' <ia(t)) 62”ia(t)6_2’ri“(t)) dt
271 0 dt

(f 1 Ga(oat)
(1)

—a(0))

Tn

=T1,(a
=0.

Thus A alu) = A A(v) since Ay is a group homomorphism.
Now assume that wuy, us : [0,1] — U, (A) are piecewise smooth paths of unitaries, and uy ~, us.
As uy ~p, ug there exists continuous paths vy, ve, ..., v : [0,1] = U, (A) such that
u1(0) = u2(0) = v;(0), ui(1) = ua(1l) = v;(1), for j € {1,2,...,k}, further |lug — v < 1,
[lug—vi|| < 1and ||vj—1—v;|| < 1. By Lemma 5.7 find piecewise smooth paths w; : [0, 1] — U, (A)
such that w;(0) = v;(0), w;(1) = v;(1) and [Jw; — v, < 4. Applying the triangle inequality
lur —wi]] <2, |lug —wg]| <2 and |jwj—1 —w;|| <2, thus

Aur) = A(wy) = A(ws) = ... = Awg) = A(uz),

by the first part. So we have proven (i) for piecewise smooth paths. We extend the de la
Harpe-Skandalis determinant map to continuous paths of unitaries. Let w : [0,1] — U, (A) be a
continuous path of unitaries, and let u' : [0,1] — U, (A) be a piecewise smooth path homotopic

to u, note at least 1 exists by Lemma 5.7, define the extension by A 4(u) := Ay (u’). This is well
defined by the above, indeed if we have two piecewise smooth paths, u1,us : [0,1] — U, (A) both

homotopic to u, then u; is homotopic to ug, thus A4 (u;) = Ay(ug). One observes A 4 is still a
group homomorphism by an analogous computation. To see that the extension only depends on
the homotopy class of u, let v : [0,1] — U, (A) be a continuous path of unitaries homotopic to
u, then for some piecewise smooth path of unitaries v : [0, 1] — U, (A) homotopic to v,

u ~p U~y v~

and by the above N _ _ _
AA(U) = AA(U/) = AA(U/) = AA('U).

We prove (i7). Let h: [0,1] — M, (A) be a selfadjoint piecewise smooth map,

&A(QQHHL)(T) — L /1 T £e2ﬂih(t) 6727Tih(t) dt = /1 T ih(t) dt
2mi Jo "\ \dt o <\ \at

= 7 (h(1) = h(0)).

For h € M,,(C([0,1], A)), find a piecewise smooth path homotopic to h with the same endpoints
using Lemma 5.7, applying by property (¢) then yields property (i).
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We show A, is continuous. Let e > 0, § = \/2(1 = cos (Z¢)), and u,v : [0,1] — U,(A) be

continuous paths of unitaries, if

sup [[u(t)o(t)” — 1| = sup [u(t) —v(t)| <9,
t€[0,1]

te[0,1]
define a : [0,1] = M, (A)sq by a(t) = 55 In(u(t)v(t)*). By Corollary 5.6 a is well defined and
1 1 1 1 1
S 1= o) < = 1-28%) = —«.
lla(t)]] 5, BrCeos ( 2||u(t)v(t) | ) < 5 arccos ( 26 ) 5 ¢

For 7 € T(A) and by property (i3),

[(Aa(u) — Aa(@))(7)] = |Aa

—_
~—

)|+ |70 (a(0))]
< n(lla(1)[| + [|a(0)])

< 1€+1£
nl — il
2n 2n

E.

So we have continuity for all n € N and thus the de la Harpe-Skandalis map is continuous on
Us(C(]0,1], A)). We show property (4i7). Recall the Bott map for the cone-suspension exact
sequence, g4, associates a projection, p, to the smooth unitary path f, : [0,1] — U, (A) given
by f,(t) = e*™. Thus Bsa([plo — [qlo) = €*™"Pe~?"9. By property (ii)

AA(ﬂSA([p]O —[qlo)) = KA(GQMP) - &4(62””(]) =p—aq=pa([plo — [alo)-

We show property (iv). Observe UéS)(A) = Unen Ur(LO)(A), thus for u € U(@(A) there exists
some n € N such that u € U7(L())(f1)7 further as u is connected to the identity, find a path

NS U1§())(C’([07 1], A)) such that v(0) = 1y, 4y and v(1) = u. To check that det, is well defined
we show two different paths from 157, (4) to u yields the same element modulo Im(pa). Let
v1,v2 ¢ [0,1] = Uyn(A) be continuous paths of unitaries, such that v1(0) = v2(0) = 1, (4) and
v1(1) = v2(1) = u. Then

v1(0)03(0) = Lar,, (4) = uu” = v1(1)va (1),
so vvs € Un(Co((0,1), A1), and by part (i), &A(vlvé) € Im(pa). Since Ay is a continuous
group homomorphism N _

0+ Im(pA) = AA(Ul) —Ax(ve) + Im(pA)

or equivalently _ B
Aa(vr) +1Im(pa) = Aa(vz) +Im(pa).

Note det, is a group homomorphism as A A 18 so what is left to show is continuity. As UT(LO)
is a topological group it is enough to show continuity at 1, for all m € N. Let n € N, ¢ > 0,

§=1/2(1—cos(%¢)),and u € Ué,o)(A), if

lu =1 <6,
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define @ = 5L In(u), by Corollary 5.6 a is well defined and

1 1 1 1 1
la|| = o, arccos <1 - §Hu - 1H2> < .- arccos <1 — 552> = —¢.

n

Define the smooth path b : [0, 1] — M,,(A)sq by b(t) = ta, which is self-adjoint as a is, and define
v :[0,1] = U,(A) by v(t) = €2™®® which is a smooth path of unitaries, note v(0) = 1 and
v(t) = u. By property (i4)

—_—

Aa(v) =b(1) = b(0) = a.
For 7 € T(A),
|(det(u) — det(1))(r)] = [A4(@)(7)] = |a(@)] < nla] <e.
O

Being able to work with the de la Harpe-Skandalis determinant map will enable us to construct
a short exact sequence using the Thomsen and pairing maps.

Properties of the Thomsen map

We are now back to the Thomsen map, and in this section we construct the short exact sequence
alluded to earlier.

Proposition 5.9 ( [CGS'23](2.9)). Let A be a unital C*-algebra then
(i) Im(Thy) = ker(#4),
(i) ker(Tha) =Im(pa).

Proof. We prove (2). Let [z]ag € ker(#4), then z € Uég)(A)7 and by Proposition 2.1.6 in [RLLOO0]

ihi giha it

T=e et

for some k € N and h; € Asq, j € {1,...,k}. Denote by I; = ihj which is also self-adjoint.
Computing Thy

ThA(z\lz; . z\k) _ [e2ﬂilll2~4..~lk]alg _ [eihleihkmeihk]alg _ [I]alg-

and hence ker(#4) C Im(Tha). We show the converse inclusion. By Lemma 2.1.3 in [RLLOO0],
€2™ is connected to the identity for all self-adjoint elements a € A, and hence £4(Tha(a)) = 0,
thus Im(Thy) C ker(¢4).

We prove (ii). Note if u € DUO(S)(A) then u = aba*b* for some a,b € Uég)(A), and as Ay is a
homomorphism

det 4 (u) = AA(vaUpvas Vo= ) + Im(pa) = Aa(va) + Aa(vs) + Aa(vas) + Aa(vpe) + Im(pa) = 0.

hence DU (A) C ker(det4), and by continuity of det4 we get DU (A) C ker(dety). Let

dets : U /DUL (A) — ABT(A)/Tm(pa),
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be the induced continuous group homomorphism. For f € AffT(A4), f = @, a € As,, and
TeT(A) o - _
det A (Th(a))(1) = det 4 (e* @)

Consider the self-adjoint element b € C([0,1], A) given by b
continuous path of unitaries such that v(0) = 14 and v(1) =
and using property (i7) from Proposition 5.8

7).

(
(t) = ta then v(t) = €2™®) is a
e?™a, Continuing our calculation

deta(e?™*)(7) = Aa(v)(r)+TIm(pa) = 7(b(1) = b(0)) +Im(pa) = 7(a) +Im(pa) = a(r) +Im(pa).

Thus when @ € ker(Thya) then Thu(d@) € ker(deta) which implies Tha(@) € Im(pa), hence

ker(Th4) C Im(pa). We show Im(pa) C ker(Thy). Let p,q € P,(A) be projections, then

Tha(pa(lplo — [glo)) = Tha(Pn — Gn) = [€*™ e~ a1y = [€*7atg + [ arg = 0,

where the last equality comes from the spectrum of a projection is contained in {0, 1} and we have
defined 2™ using functional calculus. Thus Im(pa) C ker(Th,). Recall by Proposition 3.21
for f € AffT(A) we can find a a € Ag, such that @ = f, and ||a|| < || f|| + ¢, hence the Thomsen
map is continuous into Uy (A)/DU;(A) and Im(pa) C ker(Thy) finishing the proposition. O

We are finally ready to reap the reward of the work in this section, and construct the short exact
sequence.

Corollary 5.10 ( [CGS™23]). Let A be a unital C*-algebra, Thy it’s associated Thomsen map
and g4 be the canonical surjection from ?ilg(/l) — K1(A). Then

0 — s ART(A)/Tm(pa) —24 T8 (4) 4 K (4) —— 0.

is a short exact sequence.
Proof. Using Noether first isomorphism theorem
Thy : AT (A)/ ker(Tha) — Im(Thy),
is a group isomorphism. Then applying (7), (i7) from Proposition 5.9 we get

Tha : AFT(A)/Tm(pa) — ker(ga).

_ —al
To construct the sequence we compose Thy with the inclusion ¢ : ker(ga) — Ky *(A). We will
abuse notation and write Th4 even when we have composed with the inclusion, thus

0 — s AFT(A)/Tm(pa) —4 KVE(4) 240 Ky (4) — s 0,

is short exact. O

This sequence actually splits, but to see this we first have to introduce injective modules and
divisible abelian groups. Our introduction will be very short, and many of the proofs will be
omitted.

Definition 5.11. Let R be a ring, then a left module M over R is injective if it satisfies one of
the following equivalent conditions
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o If M is a submodule of another left R module, N, then there exists another submodule of
N, K, such that the internal direct sum M + K = N and M N K = {0}.

e Any short exact sequence

0 M-—25N-Y3 K 0,

of left R modules splits

e If X and Y are left R modules, f: X — Y is an injective homomorphism and g : X — M
is any homomorphism, then there exists h : ¥ — M such that the diagram with exact

TOWS,
0——»x Iy
gl ,//
v
M
commutes.

We define divisible abelian groups

Definition 5.12 ( [CGS*23]). Let A be an abelian group. We say A is divisible if for each
a € A and n € N there exists b € A such that nb = a.

There is a correspondence between divisible abelian groups and injective modules.

Proposition 5.13. Let A be an abelian group then A is divisible if and only if A is an injective
module.

A neat result about divisible groups is that divisibility is preserved under quotients.
Proposition 5.14. Let A be a divisible group and B C A be a normal subgroup, then A/B is
divisible.
Proof. Let n € N and [a]p € A/B. Using the canonical surjection 7 : A — A/B, 7(a) = [a]B,
and since A is divisible there exists a’ € A such that na’ = a. Hence
[a]g = 7(a) = nw(a') = n[d']5.
O

We show that any real vector space is a divisible group, this would show AffT(A)/Im(pa) is
divisible.

Proposition 5.15. Let V' be a real vector space, then V is a divisible group.

Proof. Let v € V and n € N. Since V is a real valued vector space w = %v is a well defined

element and hence ng = f. O
Using the above we see our sequence splits.

Corollary 5.16 ( [CGST23] (2.9)). Let A be a unital C*-algebra, then the short ezact sequence

0 —— ART(A)/Im(pa) 4 TV5(4) 4 Ky (4) —— 0.

from Corollary 5.10 splits. Thus F?lg(A) = AMIT(A)/Im(pa) ® K1(A).
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Proof. By Proposition 5.15, AffT'(A) is divisible and by Proposition 5.14 AffT(A)/Im(p4) is
divisible, hence injective by Proposition 5.13. By the definition of injective modules 5.11

ThA —alg

0 —— AET(A)/Im(pa) —245 KTE(A) 245 Ki(A) —— 0.

splits. O

We are now only missing one ingredient in the total invariant, which is a family of homomorphism.

6 The total invariant

In this section we will define the last ingredient missing from the total invariant, namely a

—al
collection of maps, CXL), connecting K-theory with coefficients and K ? . Then we finally define
the total invariant for a unital C*-algebra.

6.1 The zeta maps

In this section we will introduce a collection of maps, CI(L‘"), and show how these maps arises in a
natural fashion. Let A be a unital C*-algebra and for now fix n > 2. Recall we can identify the
unitisation of I, (A) by

L, (A)" = {f € C([0,1], My (A)) | £(0) € A® 11, f(1) € Clag, (ay}-

Consider the evaluation maps, ev(o’n) :1,(A)" — A and ev(l’n) L, (A)F — A Where the former

0,n) .

is the map induced by evaluation at 0, be aware that the co-domain of v’ 4 is A and not

A ® 1y, thus evf4 (l(ﬂn( A)T)) = 14. The latter map is induced by evaluation at 1, again we

caution the reader to be aware of the co-domain. Let C<”) Uso (I, (AT — K?lg(A) be given by

O () = [ev ™ ()]atg — [evia™ (w)]arg + Tha (%Mu)) :

where the % term is used as we have earlier chosen our trace extensions to be non-normalised

F(n)

and the evaluatlon maps are normalised. Note ¢, is well defined as each constituent is well

defined on K| 1 (A) By Proposition 5.9 and the definition of ev%’"), the canonical surjection
Aa alg — K1(A) applied to 5f4n) kills the last two terms, thus

A W) =[]

Recall Ko(A;Zy,) := Ki(L,(A)) and the Bockstein operation I/&L{ s Ko(A;Zy,) — Ki(A) was
defined as the induced map K; (evf ")) therefore

Aa(C () = v (fu)-
The reason we defined @‘n) is they induce the group homomorphisms C‘gn) we want.

Proposition 6.1 ( [CGS™23](3.1)). Let A be unital C*-algebra and let n > 2. Then the map
Nj(f) t Uso(In(A)T) — F?lg(A) induce a group homomorphism CXL) s Ko(A;Zy,) — K?lg(A).

Further this is natural in A and V((]T;)‘ =H4po0 C,(qn)-
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Proof. We show Zi‘") is a group homomorphism. Let u,v € Uy (I,(A)"), and recall both Ay and
Th 4 are group homomorphisms,

¢ (o) = o™ (ut)latg — [eviy ™ (uv)]asg + Ths (%ﬁmw)

— 00 — [Vl + Tha (£54(0) +Ths (£54(0))
=5 (w) + ¢ ).

We show &n) induces a group homomorphism on Ky(A;Z,) hence we show 21(4”) vanishes on
vl (I,(A)"). By Proposition 2.1.6 in [RLLO00] for any u € Uég)(]ln(A)T) we find k,m € N and
ai,ag, ...am € My (L,(A))f, such that

ia1 iaz

u=e%e . . e'm,

Since &n) is a homomorphism it is enough to check that &n)(e%i“) vanishes for one
a € My (L,(A))l,. Let 7 € T(A) by Proposition 5.9 (i)

CRAT)(r) = Trla(1) - a(0) = me(ev’{ ™ (a) - v (@)

where the factor % disappears by our normalisation conventions. The calculation implies

%5,4(62”“) and (evg’n)(a) — evf’"))(a) induce the same affine function. Thus
ThA <18A (6271'2'0,)) _ |:627ri(ev(;’n)(a)—ev;o’n)(a)i|

n alg
— |:€27Ticv(A1""/)(a)i| _ |:e27ricv540’")(a)i|

alg alg

_ [equl,n)(e%ria)]alg _ [evfm)(e%ria)]alg
Hence
1

™) = v ™ (@D Natg — [evi ™ (™ ))atg + Tha (ﬁ&u)) -

We show naturality of CXL)‘ Note it suffices to check naturality of each constituent, ev

and Thy (%A(u)) We show the evaluations are natural Let A, B be unital C*-algebras,
¢ : A — B a unital *~homomorphism, and i € {0, 1}, consider the diagram

Omn) __(1,n)
A Va5

ey (i) —alg

Uso(In(A)T) —*— K;7(4)

mwl l??‘guo)

—alg

Uso(In(B)1) —o K (B).
Let u € Uy (T,,(A)1),

) ([ev'y™ ()atg) = [p(u(@))]atg = [eviy™ (0 0 w)]atg = [ev 5™ (T () (w)]atg-
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We show naturality of Th_ (%5_) Consider the diagram

Use (I (A)) 2524 ART(A4) 245 K5¥(4)
Mwl Aff(T(«p»l lfi“g(ea)

Use (I, (B)1) 5 ABT(B) K(B).

We show the left square commutes. For 7 € T(B) we get Aff(T(¢))(f)(7) = f(T 0 ¢), then as ¢
is a *-homomorphism

AT (£Ba0)) (1) = FBaw (o)

We show the right square commutes. By Proposition 3.21 we can find a € A, such that f =,
then Aff(T())(f)(r) =a(7 0 p) = (7 0 p)(a). Thus Thp(AfF(T(¢))(@)) = [e*#(“].y and

(€7 DLusg = [p(e™™ ) atg = K () (€2 ug) = K1 () (Tha(@)),

by functional calculus. Lastly # A(Cin)(u)) = uéﬁi([ul]) by the same arguments as above. O

We now show how (ﬁ‘m fits into the other diagrams we have looked at so far.

Proposition 6.2 ( [CGS23](3.2)). Let A be a unital C*-algebra and let m,n € N and m,n > 2.
Then

) (n)

Ko(A) % Ko(A:Zy) —22s Ky (A)

R |

AT(A) —5— K1 5(A4) —— Ki(A),

Aa
and
ng;; n) ()
(A an KO A Z 4) K() A an)
(n)
Cm Ca l %)
—alg
commutes.
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Proof. We show

(n) ( )
“OnA "

Ko(A) —% Ko(A;Z,) oa, Ki(A)

w @) |

—al
ABT(A) —— K7%(4) — Ki(A).

commutes. We show the left square commutes. By Bott periodicity we may view Ky(A) as

K1(Co((0,1), A)), hence the Bockstein operation ,uér;)x is the induced inclusion of

¢ Co((0,1), M,(A)) — T,(A) on K;. So for u € Uy(Cy((0,1),A)t, viewing u as a path,
u(0) = u(1) = U(C), and u(") ([ulh) = [u]o,n € Ko(A;Zy), hence

O (W ([uln) = ¢ ([uly).-

By Proposition 5.9 (#i) EA(U) = pa([u]1), and since evff’n)(u) = evg’n)(u),

0w =T (Spa(ll).

The right square commutes by Proposition 6.1. We show

(n nm) (nm n)

o)
4\ < l /

—alg

commutes. We start with the left triangle. For f € L,(M,,(4))
fO)=A®1ly,, f(1)=(a®1lm,)® lur,,
where A € M,,(A), and o € C and for ¢ € [,,,,(A)
9(0) =a®1n,,,, 9(1)=B®1n,,,

where a € A and § € C. So f(0) =¢(0) if A=a® 1y, and f(1) = g(1) if @« = 5. Recall that
Hff’nm) is the induced map of the inclusion, I,,,,(A) < I,(M,,(A)), thus for u € Uy (Lm(A)T)
ﬁ(:’nm)([u]l) satisfies that the endpoints are preserved. By our normalisation conventions

n n,nm n n 1~
¢ ( ( >([u]1)) [evi Lty (1)]atg — [ev§; ™)) (w)]ag + Tha <EAA(u))
nm nm 1~
= [evff’ )(u) ® 1Mm(A)]alg — [evill’ )(u) ® 1]\4m(A)]alg + Thy <5AA(U)>

=m ({evfﬂ"’“(una]g — v’ (u)]atg + Tha (f“ )>)
=m¢§"™ ([ul).

We show the right triangle commutes. For i € {0,1}, u € Uso(L,(A)) and the inclusion
t: L, (A) = Lyn(A), evx ") (4(w)) = evx ") (u). Further as we work with non-normalised traces
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BA(U ® 1) = mﬁ(u). Combining the above fact with Hgbm’") being the induced map of the
inclusion,

1

(5™ o w§m™™) () = ev ™™ )t = fev’y ™™ (1(u)) g + Tha <nm

AA (u ® 1]\/_[m ))
— 8 0~ v @l + T (2500 )

= ¢4 ([uh).
O
We have now defined all the ingredients of the total invariant, and are ready to define and work
with it.
6.2 The total invariant

After the hard work of the previous sections we are finally ready to define the total invariant for
a unital C*-algebra.

Definition 6.3 ( [CGS™23|(3.5)). Let A be a unital C*-algebra. The total invariant of A,
denoted KT, (A) is

KT, (A) := (K(A), [Lalo, ABT(A), K1 5(A), pa, Tha, fa, (¢ )nz2),

where AffT(A) = 0 if T(A) = () by convention.

A KT, morphism is a triple («,7, 8) : KT (A4) — KT, (B) where
o « € Homy (K(A), K(B)) such that ao([1a]o) = [1B]o,
o v:AffT(A) — AffT(B) is a positive linear map,
e f: F?lg(A) — Filg(B) is a group homomorphism,

Where the morphisms satisfy

Ko(A) —24 AFT(A) 24y KV8(4) 245 K, (A)

a{ b £ Jal

—alg

Ko(B) =5~ AT(B) - Ky (B) —— Ki(B)
and
C,(a,n) —alg
Ko(A;Z,) —— K7 (A)

« (()“)J LB

—alg
Ko(B; Zn) W K,7(B)
commute for all n > 2.
Unital *-homomorphisms actually gives rise to KT,, morphisms, in the obvious way, and thus
KT, is a functor.
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Proposition 6.4. Let A, B be unital C*-algebras and ¢ : A — B be a unital *-homomorphism.

Then
—alg

KTu(p) = (K(p), K1 (¢), AH(T(p))) : KTu(A) = KTu(B).

is a KT morphism.
Proof. We show

Ko(A) 24 AFT(A) 04 KY8(4) 24 K (A)

KO(W)J lAH(T(«p)) lfi“g(w) Jxlm

—al
Ko(B) —55+ AT(B) —— K1 °(B) — Ki(B)

commutes. First the left square. Let p,q € P,(A),

AfE(T () (pa([plo — [0)(T) = (Pn — @n) (T 0 ¥)
(To@)n(p—q)

T (@(p) — ¢(q))

= pa([p(P)lo — [v(@)]o)(1)
= p(Ko(p)([plo — [g]0)) (7).

In the proof of Proposition 6.1 we see the central square commutes. To see the right square
commute let u € Uy (A)

K () (a([ulate)) = Kr () ([ul1) = [p(w))1 = An([o(w)]atg) = A5 (KT () ([ulag))-

The diagram

(n)
Ko(A; Z) <Ay B5(4)

Ké’"%w)l l?i‘%)

Ko(B; Zn) o K®
B

commutes by naturality of ¢("). O

We now move away from C*-algebra land, and into the land of abstract nonsense, (category
theory), where we will study the total invariant.

7 Splitting the total invariant
This section will be devoted to introducing the categories KT ,-8y8 and KT,-8y8 representing

an abstractification of the functors introduced in the previous sections. We will also show a
splitting-esque result for an object of ICT,-8p8.
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7.1 A-Systems

In this subsection we will introduce the notion of a A-system and note that total K-theory is an
example of this.

Definition 7.1. A A-system, G is a family of abelian groups and structure maps, more precisely

G = (G5, Gjmr V5 =0.1.0>2(Ky s Ky n) i=0,Lnlm )

where G, are abelian groups, G;,, are Z,, modules, and uf,, v, kJ /{7 , are group homomor-

n,m?
phisms such that

0
X 2%
Go —2= Gy — Gon,

1 0
A] 2

Gl,n (T Gl W Gl

is a chain complex, and the diagram

0 —— G,/nG, Gi_jln] ——— 0

aflr ] H o
G-,

0 — G;/mG; ——; Gjm m] — 0

m m

commutes for j = 0,1, njm. Where G[n] := {g € G | ng = 0}, [}, 7}, are the induced ho-
momorphisms, i.e pf = @ o) and v) = 1179 o ¥l where 7} : G; — G;/nG; is the pro-
jection and (177 : Gi_j[n] — Gl,j is the inclusion. Lastly we demand the rows are chains,
i.e for all 7/ o), = 0, n,m > 2. We say a A-system is exact if the chain complex above
is exact, note that this implies the rows in the commuting diagram becomes short exact se-
quences. Sometimes we will abuse notation, and only write G and not the entire tuple, by
which we will mean a A-system as described above if not otherwise stated. A A-morphism,
a:G — H= ((Hj,Hjn, 0}, ¢3)i=01,0n22(0 1>Vl n)j=0,1,n|m), is a family of group homomor-
phisms

a=(a?,ad)jz01,n>2

where a7 : Gj; — H; and ad Gjn — Hjp satisfies that the diagrams

) o,
Gj ——— H; Gjn —"— Hj,

| Jot v |#

Gjn —= Hjn Gij —=p Hi-j

K -
Gjn Gjm Gjn

J J J
Q’VLJ/ OLTILJ/ J/OLTL

H;, — Hjm T) H;,

Yinn nm

commutes. A A-isomorphism is a A-morphism where o/ and o, are group isomorphisms for
j€{0,1} and n > 2. A-systems form a category which we will denote A-8p3.
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Having seen this definition lets see some examples of exact A systems.

Example 7.2. Let A be a C*-algebra, then the total K-theory K(A) is an exact A-system. This
can be seen from the preliminaries section.

The next example will later be shown to be enough to describe all exact A-systems.

Example 7.3. Let Go,G;1 be any pair of abelian groups. They induce the exact A-system
A(Gy, G1) by defining for n > 2

Gjn = (G;/nG;) & G1_j[n],
and the group homomorphisms
ph Gy = Giny @ ([2],0),
vt Gin = Gy ([2],y) = v,

and whenever n|m
B Gion = Goans - (laly) = ([ 2] ),
Fhm Giom = Gy (aly) = (], ).

We call this the trivial A-system. Moreover given any morphism (ag, 1) : Go x G1 — Hg x Hy,
we can induce a A-morphism A(ag, 1) = (af,ad,)j=0,1,n>2 : A(Go,G1) — A(Hy, Hy), where
al = a; and od is given by

o ([z],y) = (@, ([2]), a7 (1)),
where @7, and a7 are the induced morphisms on G, /nG; and Gi_;[n| respectively. Hence A
is a functor A : A6 x A6 — A-8p8.

Proof. We show the 6-term sequence

Go xn Go Hn Go/nGo @ G [TL]

1 0
V"T J/Vn

Gl/nGl &) Go[n] G17

G1

1

is exact. We show exactness at G ,, note
ker(v) = {([2],0) € Gjn | [2] € Gj/nG;} = 13, (G)).
We show exactness at the top left and bottom right corners. Observe
ker(xn) = G;n] = vi(G, /nG; ® G _; n).
Lastly we show exactness at the middle groups. Notice
ker(ud)) = nG.

We show the diagram

0 —— G;/nG; —" GGy @ Gyln) —2

G,[n] 0
x1Hx% Kzl.mungn.n X%HM
0 —— G;/mG, T G;/mG; & G;[m] - G;[m] 0,
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commutes. Note for all n > 2 the induced maps are given by 7 ([2]) = ([x],0) and 7, ([z], y) = y.
We show the left square commute:

(wox%ym> ([5].0) = w0 o 7],
B © T ([]) = ([2],0) = 2 ([o])-

The right square
ﬁgn © K'Zn,n([m]vy) =y=xl1 ngz
7okl ) = Sy = x 0w, ([2].9)

We show A(ag, 1) is a A-morphism. First the diagrams

Gj o Hj Gj/nGjGBGl,j[n] L Hj/nHjEBHl,j[n]
d, l lcrf1 z/fl LP{,,
G;/nGj @ Gr—j[n] —— H;j/nH; & Hi—j[n] Gij 5 Hi-j

commutes by definition of aJ,. We show

G,/nG; & Gi_yln] —"— H;/nH; & Hy_;[n]

G H;
J J
HT”'"J/ Kvm,nl

Gj/mGj D Glfj[m] T) Hj/TTLHj (&) Hlfj[m],

commutes. Observe

ng,n °© O‘ZL([x]Gj/nGj ) y) =

' o ([7]a, ma;), a7 (y))
[0 (@)1, ity @5 ()

)
[ IR

Further &l =7 (y) = &
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all but the bottom square commutes. Hence

Hj H; ~i— Hj o357 — . — J G G; _  Hj 37 G
by O byl 00, =1 oad, =ajou, =al oy oud, =7 oal, 0.

By injectivity of L,Hn", the bottom square commutes. Continuing our computation

(wn ([Za],, ) ) = (@ ([2a],, ) @) =adosalislo)

We show the diagram

G;/mG; & Gi_ylm] =" H;/mH; & Hy_;[m]

G H.
J J
Nn,ml J/’{n,m

Gj/nG;j © Gi—j[n] —— H;j/nH; © Hi—j[n],

commutes.

. 1 i ~1_i (M
w0 (g, ma, ) = (@[, ma) dn (2y)).

a0 k5 (@, mayoy) = (@ (@l me,) 347 (Sy))
As x1: Gj/mG; — G;/nG; is well defined @, (2], /ma,;) = @ ([z]e, ;) and our previous
calculations shows that a}7 (%y) =al™d (%y), hence the diagram commutes. O

The next result is due to Bodigheimer in [B679], [Bo80] where he proved it whenever n,m are
powers of the same prime. Using the Chinese remainder theorem this can be extended to general
n,m, for our purpose it suffices to show this when n divides m or m divides n, a the proof of this
extension can be found in appendix A.3 of [CGS'23|. Further the result has been reformulated
in terms of A-systems and we will only state the result, as after this statement we will prove a
reformulation.

Proposition 7.4 ( [B579], [B&80], [CGS™23]). Let G be an exact A-system. Then for j € {0,1}
and n > 2 there are (unnaturally chosen) homomorphisms

53,0 Gij[n] = G,
such that
1. sl ovl = idg,_;[n]-

n

2. 80 010 = Ky o8l foralln,m>2 andn|m orm|n.
8. Kl 08 = Sp 0o X2 for alln,m >2 and n | m orm | n.
:

Before we can state the reformulation of Bodigheimer, we first specify what the forgetful functor
is.

Remark 7.5. The forgetful functor F : A-8p8 — A6 x Ab is given on objects by Fi(G) = (Go, G1)

and on morphisms by Fj(a) = (o, a?).

Now for the reformulation of Bodigheimer.
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Theorem 7.6 (Bodigheimer). Every exact A-system G is (unnaturally) isomorphic to the trivial
A-system of FA(G), A(FA(G)).

Proof. Fix the homomorphisms s/, from Proposition 7.4, and define for j € {0,1} and n > 2 the
homomorphisms ¢; ,, : (G;/nG;) & G1_;[n] = G, by

in([2],y) = 1 () + 5% (1)-

We show (idg;,®jn)jef0,1},n>2 is & A-morphism. For the rest of the proof denote by
m}, Gj = Gj/nG;j & G1_j[n] the homomorphism 7} (z) = ([z],0) and

Jn

15,0 Gj/nG; ® G1_j[n] = G1_j[n] the homomorphism 3, ([2],y) = y. The diagram

G ——— G,

1 )
75, T’i J/,L.ZL

Gj/nG; ® Gi—j[n] - Gjn,

commutes since _
Pjn 0 T (@) = @jn([2],0) = ) ().
Next diagram

commutes as
vi, 0 @jn([z],y) = vi(p(@) +3(sh(y) = y = oF (2], 9).
N— —

We show the diagram

K Kl
Gj/nG; ® Gij[n] —= G;/mG; & Gi_j[m] —= G;/nG; & G1_;n]

on] - [

Gjn - Gjm - Gjns
Km,n Kn,m

commutes. Start with the left square, by Proposition 7.4

W © in([2],9) = K HZL(-THH'Z}L n ©5n(y)
= K © T ([2]) + 8 © 13, % (y)
=i, o X*([ﬂ«"]) + sm(y)
= i, (%x) + 5 (y)
= @jm(Kiy o (2], 9))-
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Next the right square, again using Proposition 7.4,
Kh.m © Piam (2], 4) = 6, © il () + K, 1 © 57, (y)
= Ky © i ([2]) + 50 0 X (y)
=tk ([a]) + su 0 x = (y)
= @in(K] m([2],9))-
We show (¢j,n)je10,1},n>2 are group isomorphisms, which implies (idg;,¢jn)jef0,1},n>2 is a A-

isomorphism. Consider the diagram

0—— Gj/nGj % Gj/nGj @Gl,j[n] % Glf‘j[n} — 0

H vj{”l H

0 —— G]/HGJ Gj," Glfj[n} — 0

ﬁj

i
n v n

As 7}, ([2]) = ([2],0) and 73 ,([z],y) = y our calculation above shows g;, makes the diagram

commute, hence ¢; , is a group isomorphism by the the 5-lemma. O

Remark:
For the rest of the thesis whenever we say something follows from Bodigheimer it will be with
Theorem 7.6 in mind, unless stated otherwise.

We see we can apply Bodigheimer to total K-theory, which would tell us, the total K-theory of
a C*-algebra is determined by it’s K-theory.

Corollary 7.7. Let A be a C*-algebra, then there is an unnatural isomorphism
K(A) = A(Ko(A), Ki(A)).

Proof. By Example 7.2 K(A) is an exact A-system and Fj (K (A)) = (Ko(A), K1(A)). Applying
Bodigheimer (7.6) we get the desired isomorphism. O

We now look at bit closer at the forgetful functor Fj.

Definition 7.8. Let G and H be A-systems, the forgetful functor Fj induces a homomorphism
F) : Homy (G, H) — Hom(F)(G), Fp (H)).

Let N (G, H) denote the kernel of this homomorphism.
Bodigheimer also tells us more about this situation.

Corollary 7.9. Let G and H be exact A-systems, then the sequence

0 — 5 Na(G,H) » Homy(G, H) — s Hom(Fx(G), Fy(H)) —— 0,

is split exact (unnaturally).

43 of 72



Department of Computer Science and Mathematics University of Southern Denmark

Proof. As 1y is the inclusion we get exactness at My (G, H) and

tA(NA(G,H)) = NA(G,H) =: ker(Fy) showing exactness at Homy (G, H). Surjectivity of Fy
follows from Bodigheimer, indeed let ®g : A(FA(G)) — G and @y : A(FA(H)) — H be the
isomorphisms from Bédigheimer, 7.6. Let (ag, 1) : FA(G) — FA(H) be a homomorphism then
Dy o A, 1) 0 @@1 defines a A-morphism from G to H, moreover

Fo(®p 0 A(ag, ar) 0 DGL) = Fp(®g) o Fa(Aao, 1)) o FA(GY) = (ag, an).
Lastly let U : Hom(F (G), Fo(H)) — Homy (G, H) be given by
T(ap, a1) = Py o Alag, ) o B
By the above calculation ﬁA o U = idfgom(Fa (G),Fi (H))- O

The last result of this subsection will be to describe N (G, H) precisely.

Proposition 7.10. Let G and H be exact A-systems, then there is a natural bijection between
N(G,H) and the set of families of maps

(on,n : Glfj[n] — Hj/nHj)j:()’l’nZg

such that all the diagrams of the following form commutes for n|m,

Gi_jln] " Grjlm] —" Gh_y[n]

l‘ﬁj,n Wj,wzl l‘ﬂj,n
Hj

H;/nH; —s H;/mH; ™™ H;/nH,.
We will denote this family D(G,H).
Proof. Define a map ®¢ n : D(G,H) — N (G, H) by
©((9jin)j=0,1022) = (0,755 © @jin 0 V1) jm0,1,m22-
We show ®¢ i is well defined, that is we show (O,ﬁfj °Pin 0Ty )j=0,1,n>2 is a A-morphism. We

show
G; - H;

G, H .
un’i u Lin]

j _G,
Topjnovy,’

Fin
Gjn ——— Hjn
commutes. Observe
_H; —G; G; _ —H; —G; —Gj § _
:U’n] O PjmnO an ° :u’nj - /’Lnj O Yjmn O an © :un] OoTy = 0.
——

=0
Next

_Hj _G;
Hn” OP;jnOVn

Gjn —— Hj,

G, H
o [

G1-j — 5 Hy_j,
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comimutes, as

H;, —H; —G; _ 1—j —H; —H; _  _—G; _
Up? Oly? O@jnoly? =1y oynjoﬂnjogaj,noynj_o'
——
=0
‘We show
Gj Gj
Km'n Rn,m
Gjn ———— Gjm ——— Gjn
_H; _Gj _H.; _G. _H.; _G.
Hn? O‘Pj,nol’n,]l J{um’ 0P, m OV’ Ltu] 0p;j,nOVy”
HJv" H; HJvm H; HJJ“
J J
Rm'in Kn m

commutes. We start with the left square, as G and H are A-systems

H. _H. _G, _ —H, m _G;
‘%m],nop’nj O @Pjn OVy" = [y’ © Xgogpj’moynf

_ _H, G _G.
= Hpy’ © Pj,m O [’m],n ovy’

_ _H; —G; G
= M’ © Pjm OV’ © “{m],n'
Next the right square,

H; _—H; —G; _ —H; _H; _Gi_;
Hn,Jm O flyy! © Pjm OV = [p? O Ty 3y O Pjim O Vi ™7

Gj

—H, mo_
= Bt ©Pjn © X7 O Vi

Gj

_ —H; o 5G
= Hp’ © Pjn ovy’o Kn,m'

We show that ®¢ 1 is injective. Let (¢;.n)=0,1,n>2, (¥j,n)j=0,1,n>2 € D(G,H), and assume

e u((@)n)i=01n>2) = P u((¥jn)j=0,1,n>2)

or equivalently for j € {0,1} and for all n > 2,

G

—H,; -G, _ —H; -G
:u’nJ © @jn © V'rLJ - :u’nJ Owjvn o an'

Since fin is injective and 74’ is surjective for j € {0,1} and for all n > 2

Pjn = 1/}j,n-

We show gy is surjective. Let f = (0,c2) be an element of N'(G,H), hence the diagram with

exact rows
G

753 7S
0 —— Gj/TLGj 4)“” GJ}TL — Glfj[n] — 0

A

J

0—— Hj/’ﬂH]‘ L Hj,n L Hl_j[n] E— 0,

commutes. We wish to construct a family of maps A;,, : G1_;[n] = H;/nH; such that
Aj, € D(G,H) and D((Aj4)j=01,n>2) = (0,0d). As 757 is surjective, for o/ € G1—;[n] pick
some x € G, such that vy (z) = 2/, as the diagram commutes

7 (ag,) = 0.
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So Im(ad)) C ker (ﬁfj) =Im (ﬁﬁl"), hence there exists [h], € H;/nH; such that
,un ([h]n) = of (z). Define A;, : Gi—j[n] — Hj/nH; by A(z') = [h], and by construction
unj oA, 0 yff , hence if A;,, € D(G,H) then ®g i is surjective. We show the diagram

Gl—j

m

Gr_jln] s Gy_jlm] == Gy_j[n]

A, l lA, ” lﬁj .
m i

H;/nH, *>H/mH *>H/nH

commutes. First show the left square commutes. Since (0, Oégl)jzg,l,nzg is a A-morphism

_H m —G; _ H; —j ) _G.
H © Xﬁ ° A]',n ov,’ = Hmjn O My © A],’ﬂ ov,’
- J
- Kmn O,

— o G
- Ckm ° ‘%min

_—j 035G o xC
- /L,,n 0 A]ym © Vm] o K’m],n
e ) Gi_; e
= M, ° A]am © Lm,n] © an'
. . i —i . L. G;
Again using that 7z, is injective and 77, is surjective X2 0o Aj, = Aj o 0 tmin. We show the
right square commutes, again as (0, &J,);=0,1,n>2 is a A-morphism

_H; m__a, G, G
p’nJOAJWLOXEOVn _Mn]oA]TLOV ]OK’nm
fajOHGJ
_,{H oaj

_ Hj - X —Gj
_K’njmo:umj OAJmon]

7G=
_Mn] O7T 3,00, 0TI,

and as /Ln’ is injective and z/m is surjective A] n O ><— = 7rn m © Ajm. The last thing to show
is naturality. Note given a A-morphism (57,37, )j 01n>2 = Ag : Gi = G2 we get induced
morphisms _
AG ZD(G27H) —)D(G17H)7 AG ZN(G27H) %N(Gl,H),
given by
Ac((#jn)j=01m22) = (91 © B 77)jz0.1mz2, and Ag((0,03,)j=01,n>2) = (0,03, © B1)j=0.1 n>2-
Given a A-morphism (77, v4)j=0,1,n>2 = Ag : Hy — Ha we get induced morphisms
Ay :D(G,Hy) = D(G,Hy) Ay : N(G,Hy) — N(G, Hy)
given by
A ((95n)i=0,1n22) = (7 © @jin)jo.1mz2, and Ag((0,0d)j—0,1.n32) = (0,73 0 &) j—0,1,n32-

®_ _ is natural if

D(Ga, H) -2 DGy, H) DG, Hy) -2 DG, Hy)

q’Gz,Hi ‘L@GI,W ) ‘I%;,Hll i"bﬁ;,r{z

N(Go, H) 295 N(G1,H) N (G,H;) 225 N(G,H)
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commutes. We show the left square commutes.

_ ~ 7. ~ . G}
g, 5(AG((95.n)j=0.1,n>2) = Pey m((©jn 0B ) j—01.n>2) = (0,7 0 ;0 B 07,7 ) j—0.1.n52)-

Then as (37, 82) is a A-morphism
G} 1 ;G2
Un ! 5 I = ﬂg: Un ’ 9
which also holds for the induced map on the n-torsion subgroup, continuing our calculation
1 2

_ ~_ i Gt _ G .
(0,755 0 pjn 0 BT 0T, )jm01,m>2) = (0,717 0 0jn 0 TR’ 0 B1)j—0.1,n>2)

~ . 7@%
= Ac((0,7, 0 @jn 0Tn’ )j=0,1,n>2)

= Ac(Pc, 1(®jn)j=0,1,n>2)-

We show the right square commutes.

i _H? )
D¢ 11, (Ar ((05n)j=0,1,m>2)) = 6, (F 0 @jin)j=0,1,n22) = (0,7in’ 07 0 @) 0v57)j—0.1n>2-

As before we use that (77, ’Y%)j:()#l’nzg is a A-morphism to get

H? . H!
P’y = n”

which also holds for the induced quotient maps, continuing

_H? . G. . _H} G
(0,70 0o 0 pjnovy7)j=0,1,n>2 = (0,7, 0 Tin’ 0 Qjn 0V, 7)j=0,1,n>2

~ _H! G
fin’ ©@jn0V,)j=0,1,n>2)

7.2 K7T.,-Systems

In this section we will be inspired by the total invariant as well as the results in the previous
section, to attempt similar constructions for the total invariant. We start by abstractly defining
what would be the total invariant.

Definition 7.11. A K7,-system is an octuple

(Gv g, Xv Da 57 v, 1/}7 (gn)n22)a

where G = (G}, G, i, V%)jzo’l’nzz(lighm, Hgn,n)j=0,1,n|m) is a A-system, g € G, X is an order
unit space, D is an abelian group, £ : Go — X is a group homomorphism such that £(g) = e the
order unit in X, and v : X = D, ¢ : D — G1, ¢, : Go,, = D are all group homomorphisms,
making the diagram commute

0 L0
Gy —— Gon —— G

se| o H
X - D m G
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for all n > 2, the diagram

0 0
K“n,m Km,n
GO,m ” GO,n ” GO,m

I /
%ﬁ Cm
D

commute for all n|m, and making the sequence

Go 5 X 3 DY, 0

a chain at D, G and satisfying ker(v) C £(Gp). We say a KT,-system is ezact if G is an exact
A-system and the sequence is exact at D, Gy as well as ker(v) = £(Gp). A KT,-morphism is a
triple

(Q7 f’ ﬂ) : (G7g, X7 D7§7 U7w7 (C’n)n22) — (H7 h7X/: Dlag/a U/a 1//, (C;’L)nZZL

where a = (a?, o)) j—0,1,n>2 is a A-morphism such that a®(g) = h, f : X — X is a positive linear
map, and 8: D — D’ is a group homomorphism, further the maps satisfies that the diagrams

GO : v G1 Go,n L) D

X YD
anl fl ﬂl l“l agl JB
HO ’ X/ ’ D, ’ Hl HO n ’ D/
13 v P ’ Cn

commute for all n > 2. A KT7,-isomorphism is a KT,-morphism where « is a A-isomorphism,
f is an order isomorphism and S is a group isomorphism. The KT,-systems form a category,
which we will denote by KCT,-8y8

As the name of the category suggests we have already seen an example of a KT,-system, namely
the total invariant of a unital C*-algebra.

Example 7.12. Let A be a unital C*-algebra, then it’s total invariant KT, (A) is indeed a
KT,-system.

We wish to show that the splits from Proposition 7.4 induces splits for our I7,-systems. To show
this we need to use direct limits of abelian groups. Therefore we must first take a small detour see
some result about direct limits of abelian groups. All results will be from the book(monograph)
Abelian Groups by Léaszl6 Fuchs.

Theorem 7.13 ( [Fuc60] 4.1). A directed system of abelian groups (G;,m;j;)ijer has a limit
(G = h'_r}nGi,m-)iEI, unique up to isomorphism, moreover

icl

We are always interested in morphisms between the objects we study so lets see what homomor-
phisms are in this case.

Definition 7.14 ( [Fuc60] p. 58). Let (A;,m; ;)i jer and (Bj, pji)ijer be directed systems over
the same directed set I, then a homomorphism between the directed systems
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@ : (A, mj0)ijer — (Bi,pji)ijer is a family of group homomorphisms (¢;)icr, @i : Ai — B
such that the diagram

i —— A

|2

¢ Pj,i Bj

N

s
<7

S|

commutes for all ¢ < j.
Using this we can always find a unique induced group homomorphism between hgl A; and hg B;.

Proposition 7.15 ( [Fuc60] 4.5). Let (A;,m;;)ijer and (B, pji)ijer be directed systems of
abelian groups over the same index set I, and ® : (A;, 7 j)ijer — (Bi,pj,i)ijer be a homomor-
phism between them. Then there exists a unique group homomorphism ®, : @Ai — ligB,-
making the diagram

Tj,i .
7'#>h A7
—

e

14>11ng1

s

Pi

—

S|

Pj,i

commute for alli € I.
One neat property of direct limits of abelian groups, is that they preserve exact sequences.

Theorem 7.16 ( [FUCGO] 46) Let (Aiaﬂ—j,i)iﬁjel; (Bi’pj,i)z},jEI and (Ci7aj,i)i,j61 be directed
systems of abelian groups over the same index set I and let ® : (A;, p])ijer — (Bi, pji)ijer and
U : (By, pji)ijer = (Ciy0j.i)ijer be homomorphisms of directed sets such that

0 A, -2 B Vi g 0

is exact for all i € I. Then the sequence

0 —— lim A; — lim B; — lim C; 0
is exact.

Coming back from our small detour we are now able to find our induced splittings in the KT,
setting.

Theorem 7.17. Let (G, g, X, D,&,v,¢,(Cn)n>2) be an exact KT, -system, then there exists (un-
natural) splittings sp : G1 — D and op : D — X/&(Gy) making the diagram

24 w0
0— GQ/TLGO . GO,n . Gl[n] — 0
a'ﬂ, STI,
%gl Cnl IL}L
—_— bl ¥
0 —— X/&(Go) D G ——0
op Sp

commute.

Proof. We construct a direct limit of the top row in the diagram. Consider the natural numbers
equipped with the partial order, <, given by

n=<m < n|m,
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and construct the directed sets (Go/nGo, X2 ) nen, (Gon, Ky )mnen, and (G1[n], i, ) monen-
By Theorem 7.13 these groups has a direct hm1t we will denote the direct limit of
(Gon, H?n’")mmeN by (G,0,)nen. We compute the direct limit of (Go/nGo, X 2 )m.nen. Recall

n

Go/nGy = Go @ Zy, and consider the map idg, ® x% : Go @ Zy, — Gy ® Q/Z and observe
. 1 . m ) 1
(1dG0 ® XE> o (1dGO ® XE) =idg, ® Xﬁ’
hence by Theorem 7.13
@(G()@Z,L):U(ld%@x ) (Go ® Zn) UG0®X Zn) = Go ® Q/Z.
neN neN
We compute the direct limit of (G1[n], L, )m nen. Note i, : G1[n] — Tor(G1) satisfies
lm © L}n,n = ln,
again using Theorem 7.13
hg(Gl[n]) = U tn(Gi[n U G1[n] = Tor(G).
neN neN

By Theorem 7.16 the sequence
—0 70
0 —— Go®Q/Z 5 G — Tor(Gy) — 0

is exact. We construct a right split of this sequence. Let x € Tor(G1), then there exists an n € N
such that x € G1[n], define sg : Tor(G1) — G by

56(x) = (s ().

If there exists m € N such that maz = 0 = nz then n | m or m | n first assume that n | m, then

5G(2) = On(37(2)) = O (K n (50 () = O (5, (i (2))) = O (55, ().
m | n is completely analogous and so s¢ is well defined. Moreover
7] 0 56(2) = PY(0n(57(2)) = a7 (5 (2))) = ta(2) = ,

hence s is a right split and by construction it makes the diagram

—0 =0
I Vn,

0 —— Go/nGo T Go T Giln] —— 0

0-71 STL
idg,®x ,%J{ enl L”I
—0 70

0— Go®Q/Z —» @ —><T Tor(Gy) — 0

commute. Apply the splitting lemma 2.7 to construct a commuting left split o : G — GoRQ/Z.
To summarise sg,oq are splittings such that

I v,
00— G()/TLGO 5 G()n Gl[n} — 0

0
Tn Sn
idGO®>< %J/ Gnl LnI
EU ;U

0—— Gy®Q/Z ? G ? Tor(G1) —— 0,
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commutes. Going back to our ¢, maps, we have (,, o m%m = (,, applying the universal property

of direct limits, yields a unique map ¢ : G — D such that (,, = (06,,, and we expand our original
diagram into the diagram

70 0

00— G()/TLGO : GO,n ~ Gl[n} — 0

Un sn
idg, ®x ,i,i enl LnI
0

e 7
00— Go®Q/Z ? G ? Tor(G1) —— 0

[en i [

0—— X/§(G0) v D G1 O,

which commutes. Unfortunately we cannot construct our desired splittings yet, we first have to
consider a new abelian group. Let E = ¢~ 1(Tor(G1)), ¥ : E — Tor(G;) and

vg : X/&(Gp) — E be the restriction and co-restriction to E respectively. We claim Im(¢) C E,
indeed by commutativity

Y(C(G) = 6, (P2G)) = ta, (Tor(Gr)) = Tor(Gh),
hence ((G) C ¢~ (Tor(G1)) =: E. We expand our diagram for the last time

0—— Go/nGo M: GO,n V: Gl[n} — 0

an S’n
idg,®x %J( 9,,l Lnl
EO -0

0 —— Go®Q/Z —— G —— Tor(G) —— 0
oG s

(
R
(

0 — X/E(Gy) —22 5 E 225 Tor(Gy) —— 0

(
IR

LN 0.

0 —— X/&(Go) Y+ D

Note the diagram still commutes. Our strategy, will be to define splittings in the third row, and
then use the splitting lemma to induce splits in the last row. Let sg : Tor(G1) — E be given by
sg = ( o sg using commutativity

Yposp =tgo(osg="Vs0sq=idr(a,)-

Applying the splitting lemma 2.7 we construct op : E — X/£(Gp). As X/&(Go) injective,
indeed it is a real vector space so by Proposition 5.15 it is divisible. Hence there exists a map
op : D — X/&(Gy) such that the diagram

X/€(Go)
commutes. We show op is a left split. By commutativity of our expanded diagram

Op oV =0poiLpovVE =0 ovg = idx/¢(qy)-
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Applying the splitting lemma 2.7 for the last time, we construct sp : Gy — D, and so the
diagram
—0 -0

00— Go/nGo - Go,n 5 Gl[’ﬂ] — 0

o, sn
idGO®>< %J/ o QW'J/ . LnI

: Gl)*>0

*

0 —— Go®Q/Z —— G =—— Tor
oG sG

(
ERN
(

— vE Ve

0 —— X/&(Go) — Tor(G1) —— 0
| I

P

G —0

O——&

0 —— X/¢&(Go)

SD

commutes. O

Having found induced splittings we will do as in the A-system case and consider what category
KT, could arise from.

Definition 7.18. A KT, -system is a quintuple (Gy, g, G1, X, p) where Go, G are abelian groups,
g € G, X is an order unit space, and p : Gy — X is a group homomorphism such that p(g) = e
the order unit in X. A KT ,-morphism is a triple

(OZO,Ozl,f) : (G0797G17X7p) - (H07h7H17X,7p/)7

where o/ : G; — H; are group homomorphisms, where a®(g) = h, and f : X — X’ is a positive
linear map, such that the diagram

G()%X

o]

HUﬁX/
p

commutes. We say a K7 ,-morphism is a X7 -isomorphism if o/ are both group isomorphisms
and f is an order isomorphism. This forms a category which we will denote by K7 ,,-8p8.

We now see that our intuition is spot on, that is we can induce objects in C7,-8p8 from KT ,-8p3.

Proposition 7.19. Let (Gy,g,G1,X,p) be a KT, -system. Then

(A(Go,G1),9, X, X/p(Go) & G1,p, 0,9, (Cn)n>2) where v : X — X/E(Gy) & Gy is given by

v(z) = ([2],0), P : X/&(Go) ® G1 — Gy is given by ¥([z],y) =y and

(ot Go/nGo @ Gi[n] — X/&(Go) ® Gy is given by (u([z],y) = ([Lp(2)],h(y)) is an ezact
KT.-system. We call this system the trivial system and denote it by T(Go,g,G1, X, p).

Proof. We showing the diagram

0 L0
Gy L) Go/nGo@Gl[TL] — = G

ok

X #} X/p(G())@Gl L} Gl,
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commutes. First the left square:

G = Galle)0) = (| 2pt@)] 10) = (S0t

Now the right square:

0Gullad) = (|0t A ) = ) =20

We show the diagram

0 0

Go/mGo & G1[m] —=2 Go/nGo & Gi[n] —=2 Go/mGo & G1[m]

m J{C n %

X/p(Go) ® Gy

commutes. As is tradition by now we start with the left triangle:

Gl = G (121 2) = ([ 2ot 22 ) = 22 (| Loto)]| o) = Zntlad

The right triangle:

Gl = 6o ([ 2] ) = ([ (20)] ) = ([ 20t)] o) = Gutid

Last but not least we show that

Go —— X —Y5 X/E(Go)® Gy —2s G1 —— 0
is exact at G; and X/£(Gyp) @ G1 as well as ker(v) = £(Gp). As 9 is the projection on the second
coordinate, it is surjective. Since v(X) = (X/£(Go),0) we get exactness at X/&(Go) & G1 and
ker(v) is exactly £(Gp). O

We are now able to proof our Bédigheimer-esque result for K7,,-systems.

Theorem 7.20. Let K = (G,g,X,D,&,v,9,((n)n>2) be an exact KT,-system. Then K is
unnaturally isomorphic to the trivial system T(Fx(G), g, X, §).

Proof. The proof strategy will be to construct a KT,-morphism and then apply the 5-lemma to
see it is indeed an isomorphism. Recall A(Fx(G)) = G by Bodigheimer call this isomorphism a,
pick f to be the identity of X, and let 8 : X/£(Go) ® G1 — D be given by

B[z],y) = v(z) + sp(y),

where sp : G — D is the induced split from Theorem 7.17. We show (a,idx, ) is a KT,-
morphism. As o® = idg, we have a®(g) = g. We show the diagram

Go % X L X/€(G0)®G1 L G1

;

Go E X Gl
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commutes. Trivially the left square commutes, we now show the central square:

The right square:
P(B([z], ) = P(v(2)) +¥(sp(y)) =y
N——

——
=0 :iClG1
We show

Go/nGo ® Grln] = X/E(Go) @ Gr

2] |

Gon T} D,
commutes. First observe
st = 5 ([ 60| b)) = v (1e@)) + sneh ),

By Theorem 7.17

v (lé(w)> + 50 (10 (¥) = Galkn (2)) + Calsn (1)) = Calen (2], y)).

n

As o was chosen to be a A-isomorphism and idy is an order isomorphism, we need only show
that 8 is a group isomorphism. Consider the diagram

0 — X/E(Go) —T X/E(Go) oG G —— 0

H |

0 — X/€(Go) - D w Jl 0

Note 8 makes the diagram commute, as ¥'([z]) = ([z],0), and by the 5-lemma 3 is a group
isomorphism. O
As in the A-system case we consider the forgetful functor and it’s relation to trivial systems.

Definition 7.21. Let K be a K7,-system and let (a,7, ) be a KT,-morphism, the forgetful
functor Ficr, : KT,-808 — KT ,-898 maps objects K = (G, g, X, D,&,v,9, ((n)n>2) to
F&'Tu (K) - (G07 g, Gl? X7 €) and Inorphisms (g7 v, /8) to FETu (Qa e 5) = (O{O, a17 FY)

Using this definition we can lift morphisms from K7 ,-8p8 to morphisms in [C7,-8p8.
Theorem 7.22. Let

K= (G797 X, D, &k, 0,7, (Cn)n22)a
L= (H7 h7 Y7 E7 gva/v 1//7 (C;L)nEQ)

be exact KT, -systems. Then a homomorphism ¢ : Ficr, (K) = Ficr, (L) lifts to a homomorphism
®: K — L further if ¢ is an isomorphism so is ®, and Fir, (®) = idy.
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Proof. Let (a°,a, f) : Fir, (K) — Fxr, (L) be a KT ,,-morphism, and

(AM(Go,G1), 9, X, €k, X/E(Go) @ G1, vk, i, (CF ) n>2),
(A(Ho, Hy),h,Y, €, Y/E(Ho) & Hy,vr, ¥r, (CE)n>2),

be the induced objects from theorem 7.20. Let A(a®, a') be the induced A-morphism, and define
B+ X/Ek(Go) ® G1 — Y/EL(Ho) & Hy by

B=TLofoox+spoa' oy,

where sy, : Hy — Y/£(Hy) @ H, is the induced splitting, and T, f are the induced quotient maps.
We show ® = (A(a®,al), £, 8) is a KT,-morphism. We consider the diagram

Go —55 X U5 X/€x(Go) ® G125 Gy

o

Hy —55 vV 2 Y/E(Hy) @ Hy, —% H,

and show it commutes. The left square commutes as we come from a KT ,-system, for the central
square:

Buk (@) = B([z],0) = v1(fox ([2],0))) = DL([f()]) = vi(f(2)).

The right square commutes as

Yrof=yrovLof ook +Yros,oa’ ok =a' oyk.
> —idm,

‘We show

K
Go/nGo @ Gi[n] —— X/Ex(Go) ® G

n 5|

L

Ho/nHo @ Hiln S Y/&(Ho) © Hi,

commutes. Recall o, =7, oa® o o, + sf,, o a’ o f, and consider ¢} o i, 0@’ o off,,. For

the diagram

<L —r
Hy —on, H()/TlH() m) Ho/TLHo @Hl[n}

%ELJ/ %ELJ/ l@LL

Y —— Y/{(Ho) ——— Y/&(Ho) & Hy

the left square commutes, using this

1 1 1-
L _—L L L L — —
gn O/’LO,noTrO,nzgn Oﬂo,n:ULoggL:'ULoﬂ—YoﬁészoﬁgLoﬂ—L‘
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Since 7{,, is surjective the right square commutes. We consider the diagram

X o
%V \
1

ZEK

Go ——— Go/nGy —— X/Ek(Go)

B R Ex

[ S HO/TLH() ? Y/fL(HO),

Bl
oy
[al
3

where all squares but

Go/nGo if@ X/¢k(Go)

| 7

Ho/nHo T Y /€1 (Ho)
L
commutes, either by construction or as we have a KT ,-morphism. We show the last square

commutes:

3=

- 1- — 1
fo—€gomx = fomxo—{k
n n

1
=myofo—{k
n

1
=myo—¢{roa’
n

1-—
:*f O Ty, ©Q
nL

1g o
=—-{;oqa oTg.
oL

Lastly consider
O'K
GQ/’I?,GO @ Gl[n] BN Go/nGo
e liéx

X/&(Go) ® Gr —5;— X/&(Go)

which commutes by Theorem 7.17. Combining the above
1- — 1= —
G ol 0@ 00g, =To g oa ooy, =To fo-Exoog, =Tofooko(

Lol oalopK
We now focus on ¢ o sy, o @’ o7y, By Theorem 7.17

L L o=l 5K _ L =1 =K
CW ©80n 00 0Tg, = 8L 0L, 0 O,

and by construction of &' we get sy, o Lfn oalo ?{fn =spoalo Lfn ° Pffn. Lastly as the trivial
system is a KT, -system

spoat ol ovl =spoatovl =spo0al oy oK.
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Combining this with our previous case
L. 0 _— _7F K 1 K K
Cnoan:VLofoaKogn +spoa owKOCn :ﬂOCn

By construction of ®, Ficr, (®) = idy, what is left to show is that isomorphisms lift to isomor-
phisms. If (a®, al, f) is an isomorphism then f is an order isomorphism and both a?’s are group
isomorphisms, which means that A(a®,a!) is a A-isomorphism by Proposition 2.6. Hence we
need only show f is an isomorphism, we will do this by computing the explicit inverse.

Let ,3_1 : Y/fL(H()) o Hi — X/fK(G()) @ G1 be given by

Bt =vgo(f) toop +sko (al)_l or.

Using the obvious notational changes the above computations show (A((a®)™%, (a*)™1), f~1,871)
is a KT,-morphism. We show it is the inverse. As is tradition we show left inverse first:

_ — T\ — -1 — =z
flof=(ko(f) T oor+sko(a') oyr)o(@rofoox +syoal o)
=Tgo(f) toopoTrofookx +Tro(f) ooposyoal oy

=0
‘|’SKO(al)ilowLOWLO?OUK+5KO(041)71OwLosLoalowK
=0
=Ug 00K + 5K 0 YK
dy eGooc, — SK © UK + 5K oYK
=ldy s@ea

where o_ o s_ =0 as s_ comes from the splitting lemma. We show the right inverse:

ﬁoﬁ_l = (oL o?ogK+5Loalo1pK)o(6Ko(7)_1oaL—l—sKo (al)_lozj;L)
:5[/0?00'}(0@}(0(?)71 oor +7r, o?ogKosKo(al)fl oy,
=0
+spoat o otgo(f) oo +spoat o oskgo(al) oy
=0
=7vpoor+sLovYyr
:idY/m@Hl —spotYr+spovyr

= idY/gL(Ho)eeHl'

We observe this makes T' into a functor.

Definition 7.23. Let T : K7 ,-898 — K7T,-8v8, be the functor mapping objects to their induced
trivial object, and morphisms to their lifted morphisms as in 7.22, we will denote this functor as
the trivialisation functor.

We are now almost 60 pages into this thesis and we are finally able to see why the title is
Automorphisms on classifiable C*-algebras.

Corollary 7.24. Let K be an exact KT, -system and denote by IEET“ s Aut(K) — Aut(Frr, (K))
the induced map of the forgetful functor. Then there exists an unnatural group homomorphism

@ : Aut(Fier, (K)) — Aut(K),
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such that ﬁETu od = idAut(F§Tu (K))-

Proof. By Theorem 7.20, K = T(Fir,(K)), call this isomorphism ¥, further by construction
Frr, (V) = idp,, (k). Induce a group isomorphism U Aut(K) — Aut(T(Fier, (K))) given by
\Il(go) = Wo oWl Further use the trivialisation functor to induce a group homomorphism
® : Aut(Fir, (K)) = Aut(T(Fier, (K))) by () = T(¢). Define ® : Aut(Ficr, (K)) — Aut(K)

by ® = ¥~ lo ®. Note ® is a group homomorphism as both constituents are, hence to show ®
is well defined we need ®(p) € Aut(K). We calculate ®(p), let ¢ = (a,al,v) € Aut(Fr, (K)).

B(p) =T ' o B(yp)
=¥ (A", al), 7, Ba)
= (A(idgy,idg,) ™ idx, By ') o (A(a®,at), 7, Bs) o (Aidg,, idg, ) idx, By)
= (A(a®a'),7, By " o Bs o fu).

We show (A(a®, at),, 5;1 0 3¢ 0 By) is a KT,-morphism. As ¢ is a KT ,-morphism a(g) = g.
We show the diagram

Go — s x v p—Y .
lao b lﬁq’,%ﬁwﬁ\p ial
Go—r— X —— D ——— G,

commutes. The left square commutes, as we come from a KT ,-morphism, we now expand the
central and right squares:

X v D Gy
idx J{Bw Jidcl
X % X/E(Go) @ Gy —2— G

v lﬁé Jal

X Y X/E(Go) @ Gy —2 Gy

idx J/ﬂ\; 1 J/idcl
D

X - m Gh.

We observe all squares commute, as each comes from a JC7,-morphism. We show

0
a’rl.
(;Oﬂl > (;&n

| [

I

1
By oBaofw
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commutes. We expand our diagram

0

O‘E}/ n a% n (ayg n)71
GO,n — Go/nGo (o) Gl[n] —_— GQ/RGO (a2 Gl[n] —_— Go,n

C”l lc,; lc; Jcn

D—5— X/&(Go) @ Gy ——— X/§(Go) Gy ——— D.
w Ba By

Again all the squares commute as their respective maps come from K7,-morphisms, so ® is well
defined. Lastly observe

(Ficr, 0 ®)(¢) = Fier, (A(@®, ), y, By 0 B 0 Bu) = (a°,al, 7).

O

With this result we will move away from abstract nonsense and return to C*-algebra land albeit
only for a little bit.

8 Lifting Group Actions

In this section we will consider automorphism groups of C*-algebras and show for a subset of
particularly nice C*-algebras that we can lift group actions on KT, all the way up to group
actions on the automorphism group modulo approximate inner automorphisms, Aut(A)/Inn.
Lets first define one of the words we just introduced.

Definition 8.1. Let A be a C*-algebra, Aut(A) be it’s automorphism group, and let ¢ € Aut(A)
be an automorphism. We say that ¢ is inner if there exists a unitary, u, in the unitisation of A,
A, such that ¢(a) = uau* for all a € A. We say ¢ is approzimately inner if for every finite subset,
F, of A, and for every € > 0 there is an inner automorphism, 1 such that ||¢(a) — ¥(a)|| < e,
a € F. Denote the normal subgroup of Aut(A) consisting of approximately inner automorphisms
by Inn(A).

To show one of our main results of this section we need a corollary from [CGST23], namely
corollary 9.10.

Theorem 8.2 ( [CGS™23], corollary 9.10). Let A be a unital simple separable nuclear Z-stable
C*-algebra satisfying the universal coefficient theorem. Then the quotient Aut(A)/Inn(A) is iso-
morphic to the automorphism group of KTy (A), Aut(A)/Inn(A) = Aut(KT,(A)), implemented
by KT,.

With this we are ready to prove our result, it should be noted that Christopher Schathauser and
a Ph.D. student has a proof of this as well, however as far as the author knows the proof uses
different techniques.

Corollary 8.3. Let A be a unital C*-algebra, and G be a discrete group acting on KT,(A).
Then this action lifts (non-canonically) to an action on KTy (A). In particular if A is also
simple separable nuclear Z-stable and satisfy the universal coefficient theorem, then every group
action of G on KT,(A) lifts to a homomorphism G — Aut(G)/Inn(A).

Proof. By definition a group action on KT, (4) is a group homomorphism x : G — Aut(KT,(A)),

by Corollary 7.24 we can find a group homomorphism ® : Aut(KT,(A4)) — Aut(KT,(A)) such
that Fkr, 0 ® = idaug(k,(4)). Define X : G — Aut(KTy(A4)) by X = ® oy,
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then Fxr, o X = Fkr, © ® o x = x and thus we have shown the first part. Now assume A is also
simple, separable, nuclear, Z-stable, and satisfy the universal coefficient theorem. By Theorem
8.2 Aut(A)/Inn(A) = Aut(KT,(A)), implemented by KT,, we define ¥ : G — Aut(A)/Inn(A)
by ¥ = KT, ' o X. Recall KT, = Fir, o KTy,

KTuOY:FKTU OKTHOKTu_lo%:FKTu ox =X-

Let us calculate an example of what we have just seen.

Example 8.4. Let A be a unital, simple, separable, nuclear, Z-stable C*-algebra satisfying
the universal coefficient theorem, such that KT, (A) = (Z,1,Z2,R, p), where p is the canonical
inclusion of Z into R. We calculate Aut(KT,(A)), recall that Z has two group automorphisms,
x1 and x(—1), Zy only has one group automorphism x1, and for R consider any positive linear
map. For a KT,-morphism the diagram

p

7Z — R
< b
ZcT>R

must commute, this forces a® to be x1 and « to be unital, the only unital positive linear
automorphism of R is x1. Thus we have one KT, automorphism, namely (x1, x1, x1). We
compute Aut(KT,(A)), that is, we compute the automorphisms for the induced trivial system

KTU(A) = (A(Za ZZ)7 LR, T & Zz,p, 1,72, (C)HZQ)a

where ¢1 : R — T @& Zy is the inclusion, 7y : T & Zy — Zo is the projection, and
Cn @ Zn ® Zaln] — T @ Zy is given by (u([z]n,y) = ([La]r/z,tn(y)). Before computing the
automorphisms of KT, (A) we look a bit closer at the A-system A(Z,Zz). Observe

Zoln) Zo if n is even
n| =
? 0 if n is odd,

and
Zo if n is even

22® Zn = Lgeatzm) = {0 if n, is odd.

We compute Aut(KT,(A)), by the above we have different cases depending on if n,m > 2 are
even, odd or a combination. For the rest of this example we will assume that n|m. The first case
we tackle is when both n,m are even. We first compute the automorphisms of A(Z,Z5). Thus
the 6 diagrams must all commute

5 idz
z—% 7 Ly —25 Ly
I?J/ J/l? idzzl lidz2
Zn @ ZQ T Z’I’L @ ZQ ZQ *1> ZQ

0 1
Ly @ Lo L L, ® Zo chd(Q,n) L} chd(2,n)

Y

Z2T>Z2 0 ——0
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oy,
Lo © T ay, Lo © T chd(2,n) I chd(Q,n)

o Bed(2,m)
. . ged(2,m) zcd(2,n
(%’ld@ )‘H\(ﬂ-n’m’%) (%,1d;¢2 )lT(’Tnmu%) X ged(2,n) Tged(2,n) gcd(;(:n() R Taed(2,m).ged (2,m)

Ly, ® Lo T) Ly, © Lo

chd(Z,m) ol ? chd(Z,m)

Opposing our previous traditions we start with the right diagrams first, as they are almost trivial.
Note the upper right diagram forces al to be the identity for all n > 2, which also makes the
central right and bottom right diagrams commute. For the left diagram we will consider a0 as

a matrix
ol = an by
n Cn dn 9

where a,, by, Cn, dn are homomorphisms. For the upper left diagram to commute we must have

(e ()= (%)

which forces a, =1 and ¢, = 0. For the central diagram to commute

w (5 5) () = e

which forces d,, = 1. So the only homomorphism left is b,, : Zos — Z, hence the bottom left
diagram commutes whenever

bn
Lo —— Ly,

: m m
1dz2lT>< =X WIPMWL

Zgb*}zm

commutes. There are two possible homomorphisms between Z, and Z,, which is 0 and 7.
Trivially 0 makes the diagram commute, we check if x 3 makes the diagram commute.

x5 () = [Go] = mm (<G ().

(o) = (2], = 2

. We find our possible 5 maps to which we have

So a2 can either be the identity or (é 1

the diagram
R THZy —2— Zy

idn{ LB li%

R —— T®Zs — Lo

Similarly to computing the A-morphisms we will write 5 as a matrix of group homomorphisms

a b

and check what conditions must hold such that the diagram commutes. If the left square com-

mutes then
(CCL 2) ([$]§/2> _ <[$]§/z> ’
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which forces a = 1 and ¢ = 0. If the right square commutes we must have

= (6 o) (7)) =

forcing d = 1. Consider the last diagram

L5.id;
7, &7, ZP% p g7

| !

Z @ZQ —> T@Zg
(£P,idz,)

As the only wriggle room we have is in the top right corner both for a2 and 3, the diagram

above will commute whenever

1d,/2
ZQ —_— Z2

W

Z—V]I‘

commutes. As the top homomorphism is the identity, if b makes the diagram commute then
b= %ﬁ o b,. As we already found the possible b,’s, b is either 0 or %ﬁ, hence f is either the

1—
identity matrix or é 21/) which finishes the case of both n and m being even. Now for the
case of n, m both being odd. The six diagrams from the previous case becomes
z Y7 oz, 2, g,
Zn, o L, 0 ———0
a® ol
Ln — = Ln 0—"+0
m l lﬂ“ l l
Zo T} Zo 0——0
Z, — % 7, 0", 0
ol i
Zm 4> Zm *1} 0

am

In this case a2 has to be the identity as that is the only group isomorphism from Z,, to Z,,, and
L is the identity on 0. For the S map, the diagram

n

R 25 ThZy —2 Zy

idRJ/ J{,B lid;@z

RﬁT@ZQT)ZQ

62 of 72



Department of Computer Science and Mathematics University of Southern Denmark

does not depend on n or m hence § = <(1) llj) and as before we need to find the b’s making

— Z

no

S

0
|

Znﬁ’]r
P

-

3

commute. One sees this commutes for all group homomorphisms b : Zy — T, for which there
1 3p
0 1
mixed case of n being odd and m being even. The only thing that changes in the A-morphism
case is bottom two diagrams:

are two, namely 0 and X %ﬁ, so [ is again either the identity or . We now consider the

2,0 — 5 7, &0 00—y
0x22.0)| Jer ) 522.0)| om0 ) i)
L ® Ly —5 Ln © T, Zo — L.

Note a} has to be the identity on Zy and again o has to be a strictly upper triangular matrix,
hence the left diagram commutes whenever

commutes. This trivially commutes when b,, = 0, we claim it also commutes for b,, = x7.

Indeed as n divides m then m = kn for some k € Z, but as m is even and n is odd, we must

have that k is even as well. Hence
o m k
— = —n,

2 2

2 is contained in the kernel of 7y, ,,, and so the diagram commutes. So a% is

so the image of x5

0 1
we will be in one of the previous cases. Thus we have found all possible automorphisms of KT,
namely

. . . 1 x% . . .
either the identity or < 2 |. For the 8, we only deal with either n or m never a mix, hence

(idz,idz,, (idz, &z, 0] iZ.0eq 2., Jn>2, 1dx, idTe2, )5

)
Aut(KTu(A) =14 .0 . 1 ox2\ . . 1 1p\ b ~7Z,.
" (7 ( )) (1d271d22 ((0 12 71ngcd(2,n) 71dX7 (0 21P> 2
n>2

By Theorem 8.2 Aut(A)/Inn(A) = Z,.

The astute reader probably noticed, in the example we did not need to consider all diagrams when
calculating the automorphism group. We needed only to consider the diagrams that correspond
to the upper triangular part of the matrices. This is no coincidence, and the last part of the
thesis will be devoted to examining this.
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Definition 8.5. Let K = (Go, g,G1, X, &) be a KT -system, and let N(K) be the abelian group
of families of group homomorphisms

(0. (V0)ic(o,1},m>2) € Hom(G1, X/€(Go)) x H Hom(G1-4[n], Gi/nG1)

i€{0,1}
n>2

such that

Gi_i[n] —" Gi/nG;

1—1i m m i
l’m,nJ/TX n X WJ/T‘”n,rn
k3

commutes for i € {0,1}, n,m > 2 such that n|m further

Gl[’ﬂ] —> G1

wii l“’

Go/nGo I X/€(Go)
commutes for all n > 2.
Lets look at the relationship between KT,-automorphisms and automorphisms on N (K).

Proposition 8.6. Let K = (Go,g,G1,X,€) be a KT -system, and (a°,al,v) € Aut(K) be a
KT w-automorphism. Then Ui ., : N(K) = N(K) given by

\Ijoz"',’y(goa (1/)711)1'6{0,1},”22) = (7 opo (al) ) (a; o 1/’; © (Oé,,l.L l) )ie{O,l},) )
n>2
is a group isomorphism, where -, ~ denotes the induced quotient and n-torsion maps respectively.

Proof. We show W, . is well defined. Note ('yo @Yo (ozl)_l , (a; ol o (&,ﬁi)_l)ie{o’l}n) is
n>2

an element of Hom(G1, X/&(Go)) X [Tiefo,1y Hom(G1—s[n], G;/nG1). Consider the diagram
n>2

i (ol—iy—1

Gi_; [n] H_},,,O?/),,,O(a" Gl/nGz

1—i m m i
Lm,nJTX n X nJJ\ﬂ'n,m
“1—iy—1

Gl—j, [m]amowmo(am G'L /mGl

and expand it to

G1,Z’[TL] (ﬁ G1,i[n] Lﬁb) GZ/TLGl i> GZ/TLG,

1—1i m 1—1 m m i m i
ai

Glfi[m]((ﬂ) Glfi[m} L:n> G’l/V’TLG'Z 4”1) Gz/mGl
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Breaking tradition we observe the central square commutes by definition of N(K), now we
consider the left square. It commutes with ¢,/ by definition of (&;,~*)'~*, we show the other
direction. Note

Glfj,[m] % Glfi[n]

L,m,\[ \[Ln

Gioi — = Gi-i

commutes, thus

M i m SO
Lnoxgo(a}nz)lzxgowﬂo(al Nt = !

o =x—o(a') oty

Since ' " is a group homomorphism x 2 o (o' ~)~! = (a'7")~! o x 2, continuing
i m il m i m
(@Y ox—ou, = (@ oo, ox— =10 (@ Hox—.
n n n

By injectivity of ¢, the square commutes. The right square commutes with respect to m, », by
definition of @}, for the other direction note

X =
G ——— G,

) I

commutes. Hence
m m i m i
X—0Q,, Oy =X—O0Mpoa’ =T, 0X—oa',
n n n

as before x ™ o o’ = o’ o x* continuing our calculation

i m_ m_ m
TpoQ'oX— =Q,, 0Ty 0 X— = Q) O X— O Ty
n n n

By surjectivity of 7, the right square commutes. We wish to expand the diagram

Gi[n] —— G

ag,owg,(a;—w—ll bwo@l)“

Go/nGo m X/&(Go),
but to ease readability of the expanded diagram, we first reflect it over the main diagonal

& v az
Giln] 25 Gi[n) Go/nGo —"—s Go/nGlo

Again the central square commutes by definition of N (K'). The left square commutes by definition
of (a;,) ™', and the right square commutes since (o, a',v) is a KT,,-automorphism. Hence ¥,
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is well defined. We show V¥, ., is a bijection.
Surjectivity: Let (¢, (¥})ic{0,1},n>2)) € N(K), and consider

— —i\ 1L i ~1—i
('Y 10@06{17 ((an) qunoai )ie{O,l},) Ll
n>2

which is an element of N(K), to see this apply the arguments above with notational changes.
Then

o _i\—1 i ~1—1
Uiy (7 Yopoal, ((an) Odjnoa}l )iE{O’l}’>

n>
T -1 (=i _ (=i\~! i ~l—i | (~1—i) 7L
= (ryoﬂy 1 o(poal o (al) 1 (an o (an) oy, oa,ll o (a,ll ) )ie{o,l},)
n>2
= (i, (Wl)ie{o,l},nzz))-
Injectivity: Let (o1, (¥ ,)icf0,13.m>2), (92, (V5 ,)ic{0,1},n>2) € N(K) such that for i € {0,1}

and n > 2

Fopro(a)t =Fopr0(al)”!

and,
~i i —1—iy—1 _ ~i i —1—iy—1
a0 wl,n © (an ) =Q,0 w2,n © (an ) .
Since a’, a! and «y are isomorphisms we compose with their inverses on both sides. Thus @1 = s,

and ¥y 5, :.Qﬁg’n. We show Wi is a group homomorphism.
Let (o1, (V1 ,0)ie{0,1},n>2), (92, (V5 1,)ic{0,1}n>2) € N(K), for i € {0,1} and n > 2

Uai iy (P15 (0] 0) + (02, 05,,))

=W (01 + @2, (W], +¥5,))

= (7o (p1+w2)o ()™t (@, 0 (Wi, +¥5,) 0@ )™)

=@opio(a) T +Fopo () (@, 0, 0 (@ )T + @, o, 0 (@)
=@{opio(a) (@ 09, 0@ ) )+ (Fowzo () (@, 0ph,) e (@ )7h)
= Uai (01, (] ) + Wai 4 (02, (¥5))-

0

so ¥ an automorphism on N(K). O

at,y

Our final goal is to describe the automorphisms on K7, -systems using only K7 ,,. To do this we
first need to know what a semidirect product is.

Definition 8.7 ( [DF04], Chap 5, Theorem 10). Let G and H be groups and let ¢ : G — Aut(H)
be a group homomorphism. Construct a group which set is H x G and with binary operation
given by

(h1,91)(h2, g2) = (h1g, (h2), g192).
We call this group the semidirect product, and denote it by H x, G.
After a definition it is always nice to see an example.

Example 8.8. Let K = (Go, g,G1,X, &) be a KT -system then N(K) xa Aut(K) with
A Aut(K) — Aut(N(K)) given by A(a®, at,y) = ¥, , forms a semidirect product.
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Proof. A is well defined by Proposition 8.6, we show A is a group homomorphism.
Let (o, a',m), (8%, 8", 72) € Aut(K).

A((aoz 0417'71) © (507 Bla'y?)) <997 ("/’;)ie{o,l})

n>2

= A0 B, a' 0 B,y 072) <% (1/}}.1)1'6{0,1})

n>2

= q’aioﬁi,'ylo'yg (@7 (w;)1€{01}>

n>2

= <71 oy 090 () o ()@l 0 B, 0tk 0 (B o (&i_i)_l)ie{o,l})

n>2

= \Ila"','n (72 opo (51)_17 (E:l o ZZJ% © (E}l_i)_l)ie{o,l}>

n>2

= (\Ijoci,'yl o \Ilﬁ'i,wg) (907 (wi)ie{0,1}>

n>2
= A(a”,a',7) 0 A(B%, 8,€) (% (%)ie{g;}) .
By Definition 8.7 we can form the semidirect product N(K) xa Aut(K). O
The next bit of the thesis is about proving the automorphism group of T'(K), is given by the

semidirect product from Example 8.8. Before we can see that proof, we will need one more fact
about semidirect products of groups.

Proposition 8.9. Let

1— G2 H & L——1
be a short split exact sequence of groups. Then H = G x L, with action induced from the split.
We are now ready to prove our last theorem.

Theorem 8.10. Let K = (Go,g9,G1,X,&) be a KT ,-system and K = T(K) be it’s induced
trivial system. Then there exists a group homomorphism 6 such that the sequence

0 Fer,
1 N(K) Aut(K) — Aut(K) —— 1,

is short exact, and admits a splitting whose induced action Aut(K) ~ N(K) is A from Ezample
8.8. In particular Aut(K) = N(K) xa Aut(K).

Proof. Consider the map 6 : N(K) — Aut(K) given by

0 (907 (¢i€{0,1}n22)) = ((idGov idGU (a;)ie{o,l},n22) 71dX7B) 5
_ - i id. _
where of, = (ldGi/”Gi n and 3 = (1 X/E@Go) ¥ ) Both of and 3

0 idGl—i["])ie{O,l},n>2 0 idg,
are invertible, hence to show 6 is well defined it suffices to show Im(f) C Hom(K). We show
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(idgy,idey , (04,)icfo,1},n>2) is a A-morphism. Both

G idg, G, G /nG; ® Gi_i[n] - Gi/nGi ® G1_i[n]
H;l LU; ’ V’ibl ly:‘b
Gz/nGz @ Gl_i[n] T GI/HGZ D Gl_i[n} Gl—i Ao Gl—i~

commutes as we have the identities on the diagonal of . Further as 0 in the bottom left corner
the diagram

G/nG ® G1_i[n] L> G /nG; ® G1_i[n]

m 1—i m m 1—i m
b, n)‘H(Wu o X b, n)J/T(ﬂ'n X

Gz/mG, ® Gi—i[m| —— GZ/mGZ ® G1-i[m].

commutes if and only if

Gl_i[n] L) G; /TLG

l_iJ/TXﬂ XEJ/TW’L
m,n n n n,m

Gi_im] ™ G, /mGi

commutes. Indeed this does commute as (90, (¢z‘€{0,1}n22)) € N(K).
We show 3 makes ((idGO,idgl, (Oé,fl)ie{oj]_}ﬂbzg) ,idx, ) into a KT,-morphism. Consider

Go % X 2 X/g(Go)EBGl L G1

idgol idxl ,BJ/ lidc;l

Gy T> X — X/f(Go)EBGl T> G1

which commutes as we have the identities on the diagonal of 5. Again as 0 is in the bottom left
corner the diagram

Go/nGo @ Grln] ~25)s X /E(Go) @ G

2| i

)

G()/TLG() D Gl[n] 4) X/f(Go) D Gl

commutes if and only if
Gi[n] — G

wii J‘”

Go/nGoy — X/&(Go)

commutes. Which again is true as (@, (Q/Jie{ovl}n22>) € N(K). We show 6 is a group homomor-
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phism. Let (<p1, (d)’i—’n)ie{o,l}’nZZ) ) (902, (¢§,n)ie{o,1},n22) € N(K).

0 (9017 (w71:77L)i€{0,1},n22) of (9027 (ﬂ’ém)ie{o,l},nzz)
= ((idG07idG17 (ai,n ° aé,n)ie{o,l},nzg) ,idx, 1 0 52)

— [ (idg, .ide ((idci/nci %n + %n)) idy <idX/5(GQ) P2+ <P1>
0’ v 0 1dG17,1[n] i€{0,1},n>2 ’ ’ 0 idG1

0 (o1 + @2, (W], + Y2n)ico,1},n>2) -

‘We show

0 Frera
1 N(K) Aut(K) — Aut(K) —— 1,

is exact. By Theorem 7.22 ﬁ&f,—u is surjective, and 6 is injective as ker(6) = 0. Note

ker(Fier,) = ((idg,,idg, , ol )ief0,1}.n>2, 1dx, B),

for any of, making (idg,, idgl,a;)i€{0,1}1n22 into a A-isomorphism and § making
((idg,,1da, , a;)i‘e{o,l}ﬂzg, idx, 8) into a KT,-isomorphism.
As ((idg,,idg, o3, )icf0,1},n>2, idx, B) is a KTy-isomorphism the diagrams

idg,
Gi il Gz GZ/TLGZ D Gl_i[n} ﬁ GZ/TLGI D Gl_i[n]
Hil lﬂi uil uii
Gi/nG; @ Gi1_i[n] —— Gi/nG; ® G1-i[n], G1; Ep G1—i,
an daey 5
commutes, hence ail = (ldGi/nGi . b ) Further the diagram
0 ldGl,i[n]

GZ/TLGZ D Glfi[n] a;;) Gl/nGl (&) Glﬂ‘[n]

(xm 7L3,;:',,>ﬂ(w:‘,w,,,, xm) (xm it >H<n:‘,,,,,,, xm)

GZ/mG, D Glfi[m] T) Gl/mGl D Glfi[m].
commutes, hence bf, must satisfy

1—1 m m £
Lm,nH\X* XWJ//’\ﬂ-n,m.

whenever n|m. Also 8 makes the diagram

X —Y X/E(Go)® G —2 Gy

idxl ﬁl Jidcl

S (DT —es
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id,, ==~ b
commute, hence § = <1 X/S(GU) 4 ) The diagram
dag,

(F€.07)
Go/nGo (&) Gl[n] E— X/f(G()) D Gl

| ) 8|

(21
Go/nGo @ Grln] %5 X/E(Go) & Gy

also commutes hence b must satisfy that the diagram

Gl[n] —> G1

Al |

Go/nGo Iz X/&(Go)

commutes for n > 2. Hence ker(ﬁETH) = Im(#). By Corollary 7.24 there exists a splitting
® : Aut(K) — Aut(K), hence by Proposition 8.9 Aut(K) & N(K) x Aut(K) for the induced
action. We show this action is A, from Example 8.8. Let (¢, (¢%)icf0,1}.n>2) € N(K) and
(a®, at,v) € Aut(K), we wish to show

‘I)(0407 Oélﬁ) o0 (90, (Q/Jfl)ie{o,l},nzz) o q’(a07 al, ’Y)_l =0 (A(ao» alﬁ) (% Wi)ie{o,l},nﬁ)) .
First we calculate the individual terms
<I>(ozo7 al,’y) = (A(ozo7 ozl),fy,ﬁ oJoox+sgoalo )
(ot )7t = (A )Ty woy ook + sk o ()T o))

% . . idg./ng. 1/)7‘ . idX TN %)

0\ e (¥n)i = | |idg,,idg,, [~ <9 T .id /&(Ga)

(SO (qﬁn)zei(;,%},) G0 e ( 0 1dG17i[n] i€{0,1}, 1 0 idGl

- n>2

¢ (A(aoa 0‘177) (“Pa (1/);)116{071}’"22)) =

. . idGl/nGl @; o ";b:; © (a};i)il
idg,,idg,, ( 0 idg, . i€{0,1},
n>2

‘We observe

o <mn> — (7, o, oo +5r 0L 0T (Mn) _ (?Qfln)) ,

Y Y a}z Z(y)
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Thus the matrix representations of af, (af )=, 8, 37! becomes

n? n

i _ (o, 0
o3 )

@ =(" @)

For i € {0,1} and n > 2 using the above calculations
q)(aov &17,)/) of ((pa (¢i)i€{0,1},n22) © (p(a07 O‘177)_1 =

0 1 0y-1 (y-1 (@)1 Yo (@)t (D7 pol(a)TY L
@(a,a,’y)o(((a) (@) 7( 0 (al-1)-1 Y 0 1)1 =

. . ldGz/nGl Wilo’d);o (&}fi)*l . ldx/m WOQ&O(OLl)_l .
ey, dey, < 0 idGl—z[TL] i€{0,1}, idx, 0 ’ N
n>2

0 (A(aov alv 7) (va (d’i)ie{o,l},)) .
n>2

As the induced action from the splitting is A,

Aut(K) 2 N(K) xa Aut(K).

We immediately apply the above in C*-algebra land.

Corollary 8.11. Let A be a unital, simple, separable, nuclear, Z-stable C*-algebra satisfying
the universal coefficient theorem. Then

Aut(A)/Tnn(A) = N(KT.(A)) x Aut(KT,(A)).

Proof. By Theorem 8.2 Aut(A)/Inn(A) = Aut(KT,(A)) and by Theorem 8.10
Aut(KT, (4)) = N(KT,(A)) x Aut(KT,(4)). O

With this we end of the thesis, and the author sincerely hopes that the reader has enjoyed this
small journey in C*-algebra land, as well as the associated abstract nonsense.
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