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Resume
Denne specialeafhandling vil fokusere på invarianten KTu for C∗-algebraer introduceret i Clas-
sifying ∗-homomorphisms I: Unital simple nuclear C∗-algebras, af Carrión, Gabe, Schafhouser,
Tikuisis, og White. Vi starter med at introducere den nødvendige teori for at forstå og arbejde
med KTu. Derefter studere vi invarianten mere abstrakt ved brug af kategoriteori. Vi slutter
afhandlingen af med, at kigge på automorfierne på KTu og viser at automorfigruppen Aut(KTu)
kun afhænger af KTu.
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1 Introduction
Given a C∗-algebra, A, with enough regularity conditions, and a discrete group, G, it is an
open problem whether a group action on KTu(A) lifts to a group action on A. The thesis will
explore this problem for classifiable C∗-algebras. We show one can always lift group actions
to Aut(A)/Inn(A), further we will provide an explicit formula for Aut(A)/Inn(A) in terms of
KTu(A). To accomplish this we introduce the necessary framework, mainly focusing on the
article Classifying ∗-homomorphisms I: Unital simple nuclear C∗-algebras by Carrión, Gabe,
Schafhouser, Tikuisis, and White, corresponding to sections 2 through 6 . Afterwards we will
view some of their constructions in a more abstract setting, leading to our main results, sections
7 and 8.

The thesis is written for people who have basic knowledge of C∗-algebras, roughly corresponding
to an introductory course, as well as knowledge of K-theory for C∗-algebras corresponding to
the book [RLL00]. The thesis is written in conjunction with a project about total K-theory for
C∗-algebras, so to maximise reading enjoyment it is preferable to have knowledge in this area as
well. If one does not know of total K-theory for C∗-algebras then the relevant definitions and
results can be found in the preliminaries section, but the proofs have been omitted.

2 Preliminaries
The thesis is made in conjunction with a project concerning total K-theory for C∗-algebras and
therefore this theory will not be covered in detail. Instead we will summarise the main results
and definitions from the project, and the results will have their proves omitted. For the rest of
this section A is a C∗-algebra, n ∈ N with n ≥ 2, and i ∈ {0, 1}. Before one can understand
total K-theory we first need to understand K-theory with coefficients.

Definition 2.1 ( [CGS+23], (2.26)). Let n ∈ N, n ≥ 2, i ∈ {0, 1}, and A be a C∗-algebra.
Define K-theory with coefficients, Ki(A,Zn), by

Ki(A;Zn) := K1−i(In(A)),

where In(A) is the dimension drop algebra,

In(A) = {f ∈ C([0, 1],Mn(A)) | f(0) ∈ A⊗ 1Mn
, f(1) = 0}.

As with K-theory, we can induce 6-term exact sequences in K-theory with coefficients.

Proposition 2.2 ( [CGS+23], (2.29)). Let n ∈ N, n ≥ 2, i ∈ {0, 1}, and A be a C∗-algebra,
then there exists maps µ(n)

i,A, ν
(n)
i,A such that the 6-term sequence

K0(A) K0(A;Zn) K1(A)

K0(A) K1(A;Zn) K1(A),

µ
(n)
0,A

ν
(n)
0,A

×n×n

ν
(n)
1,A

µ
(n)
1,A

is exact and natural in A. We call the maps µ(n)
i,A, ν

(n)
i,A Bockstein operations.

Before we can define total K-theory we need two more Bockstein operations.
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Proposition 2.3 ( [CGS+23], (2.30)). Let n ∈ N, n ≥ 2, i ∈ {0, 1}, and A be a C∗-algebra. The
canonical inclusions In ∼= In ⊗ 1Mn

↪→ Imn, and Inm ↪→ In ⊗Mm induces maps

κ
(nm,n)
i,A : Ki(A,Zn) → Ki(A,Znm),

κ
(n,nm)
i,A : Ki(A,Znm) → Ki(A,Zn).

As in Proposition 2.3 we also call κnm,ni,A , κn,nmi,A Bockstein operations.

We are now able to define the total K-theory of a C∗-algebra A.

Definition 2.4 ( [CGS+23], (Def 2.14)). The total K-theory, K(A), of a C∗-algebra, A, is the
collection of abelian groups K0(A),K1(A), and Ki(A;Zn) for i ∈ {0, 1} and n ≥ 2 together with
the Bockstein operations µ(n)

i,A, ν
(n)
i,A , κ

(nm,n)
i,A , κ

(n,nm)
i,A for m ≥ 2. The total K-theory of A is the

collection

K(A) :=
(
K0(A),K1(A),

(
Ki(A;Zn), µ(n)

i,A, ν
(n)
i,A , κ

(nm,n)
i,A , κ

(n,nm)
i,A

)
i∈{0,1}
n,m≥2

)
.

A Λ-morphism, α : K(A) → K(B) is a collection of group homomorphisms αi : Ki(A) → Ki(B)
and α

(n)
i : Ki(A;Zn) → Ki(B;Zn) for i ∈ {0, 1} and n ≥ 2 such that the diagrams

Ki(A) Ki(B)

Ki(A;Zn) Ki(B;Zn),

αi

µ
(n)
i,A

µ
(n)
i,B

α
(n)
i

Ki(A;Zn) K1−i(B;Zn)

Ki(A) K1−i(B),

α
(n)
i

ν
(n)
i,A

ν
(n)
i,B

α1−i

Ki(A;Zn) Ki(B;Zn)

Ki(A;Znm) Ki(B;Znm),

α
(n)
i

κ
(nm,n)
i,A

κ
(nm,n)
i,B

α
(nm)
i

Ki(A;Znm) Ki(B;Znm)

Ki(A;Zn) Ki(B;Zn),

α
(nm)
i

κ
(n,nm)
i,A

κ
(n,nm)
i,B

α
(n)
i

commute for m ≥ 2.

Having defined total K-theory let’s see some results.

Proposition 2.5 ( [CGS+23], (2.35)). Let n ∈ N, n ≥ 2, i ∈ {0, 1} and A be a C∗-algebra. Then
there exists maps µ(n)

i,A : Ki(A)/nKi(A) → Ki(A;Zn) and ν
(n)
i,A : Ki(A;Zn) → Tor(K1−i(A),Zn)

such that the sequence

0 Ki(A) ⊗ Zn Ki(A;Zn) Tor(K1−i(A),Zn) 0.
µ

(n)
i,A

ν
(n)
i,A

is short exact moreover µ(n)
i,A = µ

(n)
i,A ◦ π and ν(n)

i,A = ι
(n)
1−i,A ◦ ν(n)

i,A, where π : Ki(A) → Ki(A) ⊗ Zn
is the projection and ι(n)

1−i,A : Tor(K1−i(A),Zn) → K1−i(A) is the inclusion.

The next result is very powerful, and will be paramount when proving some of our big results in
the later sections.

Proposition 2.6 ( [CGS+23], Proposition 2.15). Let A,B be C∗-algebras and i ∈ {0, 1}. Then
any homomorphisms αi : Ki(A) → Ki(B) can be extended to a Λ-morphism α : K(A) → K(B).
This is an isomorphism when α is.
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A big part of this result is the fact that isomorphisms in K-theory lift to Λ-isomorphisms which
we will use when working with automorphism groups. A possibly innocuous, but quite useful,
lemma is the following.

Lemma 2.7 (Splitting lemma). Let

0 A1 B1 C1 0

0 A2 B2 C2 0

ψ1

α

φ1

β
s1

γ

ψ2 φ2

s2

be a commutative diagram of abelian groups with exact rows and si be right splits for i ∈ {1, 2}.
Then there exists homomorphisms σi : Bi → Ai such that

ψi ◦ σi = idBi − siφi.

Further σi is a left split and, ασ1 = σ2β.

With the preliminaries taking care of we are ready to move into the main part of the thesis.

3 AffT (A)
One of the constituents of the total invariant is all real valued affine continuous functions of the
trace space, which we will devote this section to understand. First we need to understand order
unit spaces and their relation to affine functions on state spaces.

3.1 Order unit spaces
The goal of this subsection is to introduce order unit spaces and ultimately show Kadison duality,
which relates an order unit space and affine functions on the state space. Most results comes
from the book: Compact convex sets and boundary integrals by Erik M. Alfsen, [Alf71], from
the first part of chapter 2.

Before we can see what an order unit space is, we first need to define partially ordered vector
spaces.

Definition 3.1. Let A be a vector space over R and let ≤ be a partial order on A. We say that
A is a partially ordered vector space if for all a, b, c ∈ A and λ ∈ R with λ > 0 we have

a ≤ b =⇒ a+ c ≤ b+ c,

a ≤ b =⇒ λa ≤ λb.

If 0 ≤ a then we say a is positive and we denote by A+ the collection of positive elements of A,
further if a ≤ 0 we say that a is negative and we denote the collection of negative elements by
A−.

We are now able to define an order unit.

Definition 3.2 ( [Alf71]). Let A be a partially ordered vector space over R and let I ⊆ A be a
subspace. We say that I is an order ideal if for a, b ∈ I and c ∈ A we have that

a ≤ c ≤ b =⇒ c ∈ I.

Denote by I(a) the order ideal generated by a ∈ A. If there exists e ∈ A+ such that I(e) = A
we say e is an order unit.

4 of 72



Department of Computer Science and Mathematics University of Southern Denmark

Contrary to what the name order unit space might suggest, it is not just a partially ordered
vector space with an order unit, we need one more adjective.

Definition 3.3 ( [Alf71]). Let A be a partially ordered vector space with order unit e. We say
that A is Archimedean1 if for all n ∈ N

na ≤ e =⇒ a ∈ A−.

Having seen the above we can finally define the name of the subsection, an order unit space.

Definition 3.4 ( [Alf71]). Let A be a partially ordered vector space with order unit e. If A is
Archimedean we say that A is an order unit space and we will denote it by (A, e).

A nice property of order unit spaces is that they admit a norm.

Proposition 3.5 ( [Alf71](II.1.2)). Let (A, e) be an order unit space. This space admits a norm,
called the order unit norm, given by

||a|| = inf{λ > 0 | −λe ≤ a ≤ λe}

which satisfies the relation
−||a||e ≤ a ≤ ||a||e.

Proof. We start by defining two maps l,m : A → R given by

l(a) = sup{α ∈ R | αe ≤ a} m(a) = inf{β ∈ R | a ≤ βe}.

By definition of our proposed norm we get that ||a|| = max(m(a),−l(a)), and hence ||a|| is a
semi norm. We show the semi norm satisfies −||a||e ≤ a ≤ ||a||e as this will imply that || · || is a
norm. Let n ∈ N

a ≤ m(a)e+ 1
n
e,

thus
na ≤ nm(a)e+ e,

hence
n(a−m(a)e) ≤ e.

Since A is Archimedean a ≤ m(a)e, an analogous computation shows l(a)e ≤ a hence

−||a||e ≤ l(a)e ≤ a ≤ m(a)e ≤ ||a||e.

As mentioned above a major player in Kadison duality is the real valued continuous affine func-
tions.

Definition 3.6 ( [Alf71]). Let X be a locally convex Hausdorff space over R. Let K,K ′ ⊆ X be
convex subsets of X such that K ⊆ K ′. Denote by Aff(K,K ′) the vector space of all restrictions
to K of real valued continuous affine functions on K ′. We will write Aff(K) or AffK to denote
Aff(K,K) for simplicity.

1One can also define Archimedean for partially ordered vector spaces without order units, as follows: A is
Archimedean if the negative elements, a ∈ A−, are the only ones for which {λa | λ ∈ R+} has an upper bound.
One can show that for order unit spaces being Archimedean in the sense just described is equivalent to our
definition. As we will work with order unit spaces we choose this as our definition.
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A theme in the thesis is that when considering new objects, in this case order unit spaces, we will
also consider their structure preserving maps, and in most cases these will be of more interest.

Definition 3.7 ( [Alf71]). Let (A, e), (A′, e′) be order unit spaces, we say that a linear map
φ : (A, e) → (A′, e′) is positive or order preserving, if a ≤ a′ =⇒ φ(a) ≤ φ(a′) and we will
denote it by φ ≥ 0. A if φ is bijective we call φ an order isomorphism if φ,φ−1 ≥ 0.

Let’s see some results concerning positive maps.

Proposition 3.8 ( [Alf71](II.1.3)). Let (A, e), (A′, e′) be order unit spaces and let
φ : (A, e) → (A′, e′) be a linear map with φ(e) = e′. Then φ ≥ 0 if and only if ||φ|| = 1.

Proof. We start by assuming φ is positive. Let a ∈ A such that ||a|| ≤ 1, then −e ≤ a ≤ e and
since φ is positive, unital −e′ ≤ φ(a) ≤ e′ hence ||φ(a)|| ≤ 1 and thus ||φ|| ≤ 1. Using that φ is
unital we get ||φ(e)|| = ||e′|| = 1 thus ||φ|| ≥ 1 hence ||φ|| = 1.

Assume ||φ|| = 1. Let a ∈ A+ be a positive element. We can without loss of generality assume
||a|| ≤ 1 indeed if ||a|| > 1 we normalise a to ã = a

||a|| and as φ is linear we can work with φ(ã)
instead. As ∥a∥ ≤ 1 then 0 ≤ e − a ≤ e and thus ||e − a|| ≤ 1. Then ||φ(e − a)|| ≤ 1 since
∥φ∥ = 1 thus φ(e− a) ≤ e′ and since φ is unital and linear 0 ≤ φ(a) hence φ is positive.

We also have a result about order isomorphisms.

Corollary 3.9 ( [Alf71](II.1.4)). Let (A, e), (A′, e′) be order unit spaces and let
φ : (A, e) → (A′, e′) be a bijective unital linear map. Then φ is an order isomorphism if and only
if φ is an isometry.

Proof. Assume φ is an isometry. Then ||φ|| = ||φ−1|| = 1 by Proposition 3.8 both are positive
maps.

Assume both φ and φ−1 are positive. Let ∥a∥ = α as φ is positive unital thus,
−αe′ ≤ φ(a) ≤ αe′. Assume for contradiction ∥φ(a)∥ ≠ α. Then there exists some α′ ∈ R such
that 0 ≤ α′ < α and −α′e′ ≤ φ(a) ≤ α′e′. Since φ−1 is positive unital −α′e ≤ a ≤ α′e which
implies ∥a∥ ≤ α′, contradiction ∥a∥ = α. Thus ∥a∥ = ∥φ(a)∥.

A particularly nice subset of positive maps are states.

Definition 3.10 ( [Alf71]). Let (A, e) be an order unit space. A positive functional p : A → R
with p(e) = 1 is called a state on (A, e). The collection of states on (A, e) is called the state
space and will be denoted by S(A, e) or just S when there is no ambiguity. Note S(A, e) form a
w∗-compact convex subset of the dual space, A∗.

Remark: Proposition 3.8 gives us the norm of a state is 1.

Kadison duality connects order unit spaces with affine functions over their state space. Hence
we need a bridge between these spaces.

Definition 3.11 ( [Alf71]). Let (A, e) be an order unit space and X be a compact Hausdorff
space. Let ρ : (A, e) → (CR(X), 1X) be a linear map such that ρ(e) = 1X and ρ is an isometry.
Note that this implies that ρ is an order isomorphism on it’s image. We call such a pair (ρ,X)
a functional representation of (A, e).

Lets see an example of this.
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Example 3.12. Let (A, e) be an order unit space. Define ρ : (A, e) → (S(A, e), ê) by ρ(a) = â,
where â(p) = p(a) for p ∈ S, that is â is the evaluation of a. We call this functional representation
the canonical representation over the state space and denote it by (ρ, S).

We have two result left to show before we show Kadison duality, the first has to do with affine
functions on a compact space.

Lemma 3.13. Let X be a compact Hausdorff space, then Aff(X) is complete.

Proof. Let (fn)n∈N ⊂ Aff(X) be a Cauchy sequence. We know Aff(X) ⊂ CR(X) where the latter
is complete, so (fn)n∈N converges to some continuous function, f ∈ CR(X). We show f is affine.
For each n ∈ N, p1, p2 ∈ X and t ∈ [0, 1] we have

fn(tp1 + (1 − t)p2) = tfn(p1) + (1 − t)fn(p2).

Since fn(tp1 + (1 − t)p2) → f(tp1 + (1 − t)p2) and tfn(p1) + (1 − t)fn(p2) → tf(p1) + (1 − t)f(p2)
then f(tp1 + (1 − t)p2) = tf(p1) + (1 − t)f(p2).

The next is a technical result for which we omit the proof.

Lemma 3.14 ( [Alf71](I.1.5)). Let X be a locally convex Hausdorff space, K ⊆ X be a compact
convex set, and f ∈ Aff(K). Then there exists an increasing sequence (fn)n∈N ⊂ Aff(K,X)
converging uniformly to f . This yields that Aff(K,X) is uniformly dense in Aff(K).

We are now ready to prove our main result.

Theorem 3.15 ((Kadison duality) [Alf71](II.1.8)). Let (A,e) be an order unit space and let
(ρ, S) be the canonical representation over it’s state space. Then it’s range, ρ(A), consists of all
those w∗-continuous affine functions which can be extended to w∗-continuous linear functionals
on the dual space. In particular we have ρ(A) = Aff(S) if and only if (A, e) is complete in order
unit norm.

Proof. We start by recalling that by definition, the image of ρ is all evaluation functionals
restricted to the state space and these are exactly the w∗-continuous linear functionals on A∗,
hence we have shown the first part. Before showing the if and only if, we show ρ(A) = Aff(S,A∗),
note ρ(A) ⊆ Aff(S,A∗). For the converse consider the set

H := {f ∈ A∗ | f(e) = 1},

and note that S ⊂ H. Recall that any continuous affine functional ψ : A∗ → R can be decom-
posed into a linear functional on the dual space plus some real number, i.e

ψ(f) = Λ(f) + c

for some c ∈ R and Λ ∈ A∗∗. For each x ∈ R define Λx : A∗ → R by

Λx(f) = Λ(f) + xf(e).

Λx is linear, indeed

Λx(αf + g) = Λ(αf + g) + x((αf + g)(e)) = α(Λ(f) + xf(e)) + Λ(g) + xg(e) = αΛx(f) + Λx(g).

Observe Λc|H = ψ|H , thus for each w∗ continuous affine functional there exists a w∗ continuous
linear functional such that they agree on H, hence they agree on S, i.e Aff(S,A∗) ⊆ ρ(A).
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Assume A is complete. By Lemma 3.14 Aff(S,A∗) is uniformly dense in Aff(S) hence it suffices
show that Aff(S,A∗) is closed. Let (fn)n∈N ⊂ Aff(S,A∗) be a sequence of functions and assume
fn → f uniformly. Since ρ(A) = Aff(S,A∗) we can find (an)n∈N ⊂ A such that ρ(an) = fn. As
ρ is an isometry

||an − am|| = ||ρ(an) − ρ(am)|| ≤ ||ρ(an) − f || + ||ρ(am) − f ||.

Since ρ(an) converges to f then for any ε > 0 we get ||an − am|| < ε and hence (an)n∈N is
Cauchy. By completeness of A, (an)n∈N converges to some a ∈ A, thus ρ(an) → ρ(a) = f , hence
Aff(S,A∗) is uniformly closed.
Assume Aff(S,A∗) = Aff(S), we wish to show that A is complete. Let (an)n∈N ⊂ A be a
Cauchy sequence. As ρ is an isometry, (ρ(an))n∈N ⊂ Aff(S,A∗) = Aff(S) is a Cauchy sequence
in Aff(S). As Aff(S) is complete by Lemma 3.13 (ρ(an))n∈N converges to some g ∈ Aff(S), then
since g ∈ ρ(A) we can find an a ∈ A such that ρ(a) = g. For any ε > 0,

||an − a|| = ||ρ(an) − ρ(a)|| < ε,

hence A is complete.

We are now finished with our tour of abstract order unit spaces, and we will move to consider
trace spaces for C∗-algebras.

3.2 Trace Spaces
In this subsection we apply the results of the previous subsection to a specific example of an
order unit space, namely AffT (A) where T (A) is the trace space for a C∗-algebra A. Our goal
for the section is to show the duality between T (A) and Aff T (A) so that we may work with the
latter through the thesis. In this section let A be a unital C∗-algebra and let T (A) be the set of
tracial states on A. We start by showing that AffT (A) forms an order unit space.

Proposition 3.16. Let A be a unital C∗-algebra and let T (A) denote the space of tracial states
on A. Then AffT (A) is an order unit space, with the partial order f ≤ g if f(τ) ≤ g(τ) for all
τ ∈ T (A).

Proof. We first show (AffT (A),≤) forms an ordered vector space. Let f, g, h ∈ AffT (A) and
λ ∈ R with λ > 0. For τ ∈ T (A), f ≤ g implies f(τ) ≤ g(τ), and as R is an ordered vector space
f(τ) + h(τ) ≤ g(τ) + h(τ) which is exactly f + h ≤ g+ h. Again as R is an ordered vector space
λf(τ) ≤ λg(τ) hence λf ≤ λg. We show (AffT (A),≤) admits an order unit let e = 1T (A), the
constant 1 function. Since I(e) is a vector subspace of AffT (A) then all constant functions are
in I(e). Let f ∈ AffT (A) and recall T (A) is compact in the w∗-topology, hence

sup
τ∈T (A)

{f(τ)} < ∞.

Thus there exists some constant functions g, h such that

g ≤ f ≤ h.

Thus I(e) = AffT (A), hence e is an order unit for (AffT (A),≤).
We show AffT (A) is Archimedean. Let f ∈ AffT (A) such that for all n ∈ N, nf ≤ e. By
definition of ≤ for all τ ∈ T (A), nf(τ) ≤ 1 which implies f(τ) ≤ 0.
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The next part of this thesis will be devoted to proving Proposition 2.1 , from [CGS+23], which
states that AffT (A) is evaluation functionals of self-adjoint elements. This proof requires in-
troducing some new notions. So we move away from Alfsens book and over to Gert Pedersens
C∗-algebras and their automorphism groups.

Definition 3.17 ( [Ped79](3.1.1)). Let A be a unital C∗-algebra and let φ ∈ A∗ be a bounded
linear functional. Define the adjoint φ∗ by

φ∗(a) = φ(a∗).

We say φ is selfadjoint if φ∗ = φ.

An important result needed to prove Proposition 2.1 is how to decompose bounded selfadjoint
linear functionals into positive linear functionals, which is known as the Jordan decomposition.

Theorem 3.18 ( [Ped79](3.2.5)(Jordan decomposition)). Let A be a unital C∗-algebra, and
φ : A → C a bounded selfadjoint linear functional. Then there exists a unique pair of positive
linear functionals φ+, φ− such that φ = φ+ − φ− and ||φ|| = ||φ+|| + ||φ−||.
However to prove this theorem we need two lemmas.

Lemma 3.19 ( [Ped79](3.2.2)). The unit ball of (Asa)∗ is the convex span of S(A) and −S(A).

Proof. Let K denote the convex span of S(A) and −S(A). As states are positive and have norm
equal to 1 K is a subset of the unit ball of (Asa)∗ and as S(A) and −S(A) are weak∗ compact K
also is weak∗ compact. Let x ∈ Asa, λ ∈ σ(x)\{0}, and B = C∗(1, x) the C∗-algebra generated
by 1 and x. Define a ∗-homomorphism ω : B → C on generators, ω(x) = λ and ω(1) = 1. Then ω
is a state on B and by Proposition 3.8 ||ω|| = 1. Applying the Hanh-Banach extension theorem,
extend ω to a state φ on A, hence

σ(x)\{0} ⊂ {φ(x)|φ ∈ S(A)}.

As x is selfadjoint the spectral radius formula tells us ||x|| = r(x) = sup{|φ(x)| | φ ∈ S(A)}.
With the set-up done assume for contradiction there exists a ψ in the unit ball of (Asa)∗ and
not in K. Using the Hanh-Banach separation theorem, separate K and the unit ball of (Asa)∗.
Hence there exists some x in Asa and α ∈ R such that ψ(x) > α and φ(x) ≤ α for all φ ∈ K. As
K is the convex span of S(A) and −S(A), K is symmetric hence |φ(x)| ≤ α and by the spectral
radius formular ||x|| ≤ α. But then

|ψ(x)| ≤ ∥ψ∥∥x|∥ ≤ α,

contradicting that ψ(x) > α.

Now for the next lemma.

Lemma 3.20 ( [Ped79](3.2.3)). Let A be a unital C∗-algebra and let φ and ψ be positive func-
tionals on A. Then ||φ − ψ|| = ||φ|| + ||ψ|| if and only if for all ε > 0 there exists z ∈ A1

+ such
that φ(1 − z) < ε and ψ(z) < ε.

Proof. Assume ||φ−ψ|| = ||φ|| + ||ψ|| and let ε > 0. As φ−ψ ∈ (Asa)∗ we can find an x in A1
sa

such that
||φ− ψ|| ≤ φ(x) − ψ(x) + ε.
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Recall as φ and ψ are positive they attain their norm at the identity, hence

φ(1) + ψ(1) = ∥φ∥ + ∥ψ∥ = ||φ− ψ|| ≤ φ(x) − ψ(x) + ε,

so φ(1 − x) + ψ(1 + x) ≤ ε. By the spectral mapping theorem 1 − x and 1 + x are positive
elements less than 2. Define z := 1

2 (1 + x) and note z ∈ A1
+,

φ(1 − z) = φ

(
1 − 1

2(1 + x)
)

= 1
2φ(1 − x) < ε,

ψ(z) = ψ

(
1
2(1 + x)

)
= 1

2ψ(1 + x) < ε.

Assume for every ε > 0 there exists z ∈ A1
+ such that φ(1−z) < ε and ψ(z) < ε. By the triangle

inequality it suffices to show ||φ− ψ|| ≥ ||φ|| + ||ψ||. Using our assumption

||φ|| + ||ψ|| = φ(1) + ψ(1)
= φ(2 − 1 − 2z + 2z) + ψ(1 − 2z + 2z)
= φ(2z − 1) + 2φ(1 − z) + ψ(1 − 2z) + 2ψ(z)
= φ(2z − 1) + ψ(1 − 2z) + 4ε
= (φ− ψ)(2z − 1) + 4ε.

By the spectral mapping theorem σ(2z − 1) ⊆ [−1, 1], σ(1 − 2z) ⊆ [−1, 1] hence both elements
are self-adjoint and spectral radius tells us ||1 − 2z|| ≤ 1. Thus

(φ− ψ)(2z − 1) + 4ε ≤ ||φ− ψ|| + 4ε.

As ε was arbitrary ||φ|| + ||ψ|| ≤ ||φ− ψ||.

We are now ready to prove the Jordan decomposition.

Proof of Jordan decomposition ( [Ped79]3.18). We assume without loss of generality that the
||φ|| = 1, indeed if the norm of φ is different from 1 define φ̃ as the normalisation of φ. Thus
Lemma 3.19 applies and φ can be written as a convex combination of positive functionals in the
unit ball

φ = αφ1 − (1 − α)φ2,

for α ∈ [0, 1]. Letting φ+ = αφ1 and φ− = (1 − α)φ2, yields a decomposition of φ into positive
linear functionals. We show ∥φ∥ = ∥φ+∥+∥φ−∥. Using the triangle inequality it suffices to show
∥φ+∥ + ∥φ−∥ ≤ ∥φ∥. By construction of φ+, φ−

||φ+|| + ||φ−|| = α||φ1|| + (1 − α)||φ2|| = α(||φ1|| − ||φ2||) + ||φ2||.

We have two cases ||φ1|| > ||φ2|| or ||φ1|| ≤ ||φ2||, in case 1, as α ≤ 1 and ∥φ1∥ ≤ ∥φ∥ = 1,

α(||φ1|| − ||φ2||) + ||φ2|| ≤ ||φ1|| ≤ ||φ||,

and in case 2 ∥φ1∥ − ∥φ2∥ ≤ 0 and ∥φ2∥ ≤ ∥φ∥ = 1

α(||φ1|| − ||φ2||) + ||φ2|| ≤ ||φ2|| ≤ ||φ||.
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We show uniqueness. Assume there exists φ1, φ2, ψ1, ψ2 positive linear functionals such that
φ1 − ψ1 = φ2 − ψ2 and ||φ1|| + ||ψ1|| = ||φ2|| + ||ψ2||. By Lemma 3.20 for all ε > 0 there exists
some z ∈ A1

+ such that φ1(1 − z) < ε and ψ1(z) < ε. This implies

φ2(z) ≥ φ2(z) − ψ2(z) = φ1(z) − ψ1(z) > φ1(1) − 2ε,
ψ2(1 − z) ≥ ψ2(1 − z) − φ2(1 − z) = ψ1(1 − z) − φ1(1 − z) > ψ1(1) − 2ε.

Thus

φ2(z) + ψ2(1 − z) > φ1(1) − 2ε+ ψ1(1) − 2ε = ||φ1|| + ||ψ1|| − 4ε = ||φ2|| + ||ψ2|| − 4ε,

hence φ2(1 − z) + ψ2(z) < 4ε. By assumption φ1(x) − φ2(x) = ψ1(x) − ψ2(x) for all x ∈ A

φ1(x) − φ2(x) = φ1(xz) − φ2(xz) + φ1(x(1 − z)) − φ2(x(1 − z))
= ψ1(xz) − ψ2(xz) + φ1(x(1 − z)) − φ2(x(1 − z)).

Applying the Cauchy-Schwarz inequality to ψ1(xz) and recalling that z ∈ A1
+,

|ψ1(xz)|2 ≤ ψ1(x∗x)ψ1(z2) ≤ ||x||2||ψ1||ψ1(z) ≤ ||x||2||φ1 − ψ1||ψ1(z) < ||x||2||φ1 − ψ1||ε,

where the second last inequality comes from ||φ1 − ψ1|| = ||φ1|| + ||ψ1||. We bound the other
three terms similarly

|ψ2(xz)|2 ≤ ψ2(x∗x)ψ2(z2) ≤ ||x||2||φ2 − ψ2||ψ2(z) < ||x||2||φ1 − ψ1||4ε,
|φ1(x(1 − z))|2 ≤ φ1(x∗x)φ1((1 − z)2) ≤ ||x||2||φ1 − ψ1||φ1(1 − z) < ||x||2||φ1 − ψ1||ε,
|φ2(x(1 − z))|2 ≤ φ2(x∗x)φ2((1 − z)2) ≤ ||x||2||φ2 − ψ2||φ2(1 − z) < ||x||2||φ1 − ψ1||4ε.

Combining our estimates

|φ1(x) − φ2(x)| ≤ |ψ1(xz)| + |ψ2(xz)| + |φ1(x(1 − z))| + |φ2(x(1 − z))|
≤ ||x|| ||φ1 − ψ1||

(
ε

1
2 + 2ε 1

2 + ε
1
2 + 2ε 1

2

)

= ||x|| ||φ1 − ψ1||6ε 1
2 .

As ε was arbitrary φ1 = φ2 and hence ψ1 = ψ2.

We are now ready to reap the reward of our previous work.

Proposition 3.21 ( [CGS+23](2.1)). Let A be a unital C∗-algebra.

(i) If f ∈ AffT (A), then we can pick a ∈ Asa such that f = â, where â(τ) = τ(a) for all
τ ∈ T (A). Further a is unique modulo [A,A] and given any ε > 0 we can choose a such
that ||a|| < ||f || + ε.

(ii) [A,A] ∩Asa is spanned by {[x, x∗] | x ∈ A}.

Proof. Before showing property (i) and (ii), we show the space of bounded tracial functionals
TC(A) := {τ ∈ A∗|τ |[A,A] = 0} is canonically isomorphic to (A/[A,A])∗ such that the weak∗

topology is preserved, then for f ∈ AffT (A) we extend it to a w∗-continuous self-adjoint bounded
linear functional f̃ : TC(A) → C. We show TC(A) and (A/[A,A])∗ are isomorphic.
Let φ : TC(A) → (A/[A,A])∗ be given by φ(τ) = [τ ]

A/[A,A], where [τ ]
A/[A,A](a) = τ([a]). This is
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a well defined map, and is bijective as ψ ∈ (A/[A,A])∗ are just the bounded linear functionals
mapping elements of [A,A] to 0. Clearly φ is linear, and an isometry, here the norms are the
operator norms on TC(A) and (A/[A,A])∗ respectively. We show φ preserves the weak∗ topology,
that is we show it is continuous with continuous inverse. Let (τi)i∈I ⊂ TC(A), τi → τ ∈ TC(A)
be a converging net,

φ(τi)(a) = [τi]A/[A,A](a) = τi([a]) → τ([a]) = φ(τ)(a),

hence φ is weak∗ continuous. Let ([τj ]A/[A,A])j∈J ⊂ (A/[A,A])∗, [τj ]A/[A,A] → [τ ]
A/[A,A] be a

converging net,

φ−1([τj ]A/[A,A])(a) = τj(a) → τ(a) = φ−1([τ ]
A/[A,A])(a).

We show there exists an extension of f ∈ AffT (A) to a w∗-continuous self-adjoint bounded
linear functional f̃ : TC(A) → C. First define f : T+(A) → R from the positive traces to the
real numbers by f(τ) = ∥τ∥f

(
τ

||τ ||

)
. For the next bit let τ ∈ TC(A), and decompose τ into

self-adjoint functionals
τ = 1

2(τ + τ∗) + i
1
2i (τ − τ∗),

we will denote 1
2 (τ + τ∗) by Re(τ) and 1

2i (τ − τ∗) by Im(τ) and call them the real and imaginary
part respectively. Note Re(τ) and Im(τ) are selfadjoint and R-linear. Since they are self-adjoint
we find their Jordan decomposition, Re(τ)± and Im(τ)±. Define f̃ : TC(A) → C by

f̃(τ) = f(Re(τ)+) − f(Re(τ)−) + i(f(Im(τ)+) − f(Im(τ)−)).

We show f̃ is self-adjoint. By Definition 3.17

f̃∗(τ) = f̃(τ∗) = f(Re(τ∗)+) − f(Re(τ∗)−) + i(f(Im(τ∗)+) − f(Im(τ∗)−))
= f(Re(τ)+) − f(Re(τ)−) − i(f((−Im(τ))+) − f((−Im(τ))−)).

Since (−τ)+ = τ− and (−τ)− = τ+, which follows from uniqueness of the Jordan decomposition,

= f(Re(τ)+) − f(Re(τ)−) − i(f(Im(τ)−) − f(Im(τ)+))
= f(Re(τ)+) − f(Re(τ)−) + i(f(Im(τ)+) − f(Im(τ)−)) = f̃(τ).

We show linearity of f̃ , let σ ∈ TC(A). First we show additivity of f̃ , to see this we need additivity
of f . Observe

f(τ + σ) = ||τ + σ||f
(

τ + σ

||τ + σ||

)
= ||τ + σ||f

(
τ + σ

||τ || + ||σ||

)
,

where the last equality comes from that the norm is additive on positive linear functionals. Note

||τ ||
||τ || + ||σ||

τ

||τ || +
(

1 − ||τ ||
||τ || + ||σ||

)
σ

||σ|| = τ

||τ || + ||σ|| + ||σ||
||τ || + ||σ||

σ

||σ|| = τ + σ

||τ || + ||σ|| .

Using f is affine

||τ + σ||
( ||τ ||

||τ + σ||f
(

τ

||τ ||

)
+ ||σ||

||τ + σ||f
(

σ

||σ||

))
= ||τ ||f

(
τ

||τ ||

)
+ ∥σ∥f

(
σ

||σ||

)

= f(τ) + f(σ).
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Let c ∈ R+ then f(cτ) = ||cτ ||f
(

cτ
||cτ ||

)
= cf(τ), and hence f is R+-linear. Observe for φ some

self-adjoint linear functional, and ψ1, ψ2 ≥ 0 be positive linear functionals such that
φ+ − φ− = ψ1 − ψ2 then f(φ+) − f(φ−) = f(ψ1) − f(ψ2) indeed

f(ψ1) + f(φ−) = f(ψ1 + φ−) = f(φ+ + ψ2) = f(φ+) + f(ψ2).

Recalling that Re(τ) and Im(τ) was R linear and self-adjoint

Re(τ + σ)+ − Re(τ + σ)− = Re(τ + σ) = Re(τ) + Re(σ)
= Re(τ)+ − Re(τ)− + Re(σ)+ − Re(σ)−.

Hence

f(Re(τ + σ)+) − f(Re(τ + σ)−) = f(Re(τ)+) − f(Re(τ)−) + f(Re(σ)+) − f(Re(σ)−),

analogously one observes

f(Im(τ + σ)+) − f(Im(τ + σ)−) = f(Im(τ)+) − f(Im(τ)−) + f(Im(σ)+) − f(Im(σ)−).

Using this

f̃(τ + σ) = f(Re(τ + σ)+) − f(Re(τ + σ)−) + i(f(Im(τ + σ)+) − f(Im(τ + σ)−))
= f(Re(τ)+) − f(Re(τ)−) + f(Re(σ)+) − f(Re(σ)−)

+ i(f(Im(τ)+) − f(Im(τ)−) + f(Im(σ)+) − f(Im(σ)−)
= f̃(τ) + f̃(σ).

Let α ∈ C, α = a+ ib for a, b ∈ R, then

f̃(ατ) = f̃(aτ) + f̃(ibτ).

Consider f̃(aτ), if a > 0 then (aτ)+ = aτ+ and (aτ)− = aτ−, and as f was R+-linear and
Re(τ), Im(τ) are both R-linear

f̃(aτ) = f(Re(aτ)+) − f(Re(aτ)−) + i(f(Im(aτ)+) − f(Im(aτ)−))
= af(Re(τ)+) − af(Re(τ)−) + i(af(Im(τ)+) − af(Im(τ)−))
= af̃(τ).

If a < 0 then

f̃(aτ) = f̃(−(−a)τ)
= −af̃(−τ)
= −a(f(Re(−τ)+) − f(Re(−τ)−) + i(f(Im(−τ)+) − f(Im(−τ)−)))
= −a(f(Re(τ)−) − f(Re(τ)+) + i(f(Im(τ)−) − f(Im(τ)+)))
= a(f(Re(τ)+) − f(Re(τ)−) + i(f(Im(τ)+) − f(Im(τ)−))
= af̃(τ).

Lastly if a = 0 then f̃(aτ) = af̃(τ). Hence

f̃(aτ) + f̃(ibτ) = af̃(τ) + bf̃(iτ).
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We show f̃(iτ) = if̃(τ). Note

Re(iτ) = 1
2(iτ + (iτ)∗) = i

2(τ − τ∗) = − 1
2i (τ − τ∗) = −Im(τ),

Im(iτ) = 1
2i (iτ − (iτ)∗) = 1

2(τ + τ∗) = Re(τ).

Using this

f̃(iτ) = f(Re(iτ)+) − f(Re(iτ)−) + i(f(Im(iτ)+) − f(Im(iτ)−))
= f((−Im(τ))+) − f((−Im(τ))−) + i(f(Re(τ)+) − f(Re(τ)−))
= i(f(Re(τ)+) − f(Re(τ)−)) + f(Im(τ)−) − f(Im(τ)+)
= i(f(Re(τ)+) − f(Re(τ)−)) − (f(Im(τ)+) − f(Im(τ)−))
= if̃(τ).

We show ||f̃ || = ||f ||, hence f̃ is bounded. For all τ ∈ TC(A) there exists a z ∈ C with |z| = 1
such that |f̃(τ)| = zf̃(τ) = f̃(zτ). Let ε > 0 then there exists τ ∈ TC(A) such that

||f̃ || ≤ |f̃(τ)| + ε = f̃(zτ) + ε.

As f̃(zτ) = |f̃(τ)| we must have f̃(zτ) ∈ R, continuing our calculation

= 1
2

(
f̃(zτ) + f̃(zτ)

)
+ ε = f̃

(
1
2(zτ + (zτ)∗

)
+ ε = f̃(Re(zτ)) + ε.

Observe ||Re(zτ)|| ≤ ||zτ || = ||τ ||. If ||τ || ≤ 1 then ||Re(zτ)|| ≤ 1, and as Re(zτ) is self-adjoint
then

||f̃ || = sup
τ∈TC(A)
||τ ||≤1

|f̃(τ)| ≤ sup
τ∈TR(A)
||τ ||≤1

|f̃(τ)|.

Further as TR(A) ⊆ TC(A), supτ∈TR(A)
||τ ||≤1

|f̃(τ)| ≤ supτ∈TC(A)
||τ ||≤1

|f̃(τ)| hence

||f̃ || = sup
τ∈TR(A)
||τ ||≤1

|f̃(τ)|.

Therefore, to compute ∥f̃∥ it is enough to consider τ ∈ TR(A). We find the Jordan decomposition
of τ , τ = τ+−τ−, and ||τ+||+||τ−|| = ||τ ||. If ||τ || ≤ 1 then ||τ++τ−|| ≤ ||τ || ≤ 1. Pick τ ∈ TR(A)
such that

||f̃ || ≤ |f̃(τ)| + ε = |f̃(τ+ − τ−)| + ε ≤ |f̃(τ+)| + |f̃(τ−)| + ε.

As τ+, τ− are positive, we get that f̃(τ+), f̃(τ−) are positive numbers, hence

|f̃(τ+)| + |f̃(τ−)| + ε = f̃(τ+ + τ−) + ε.

Since τ+ + τ− are positive elements with norm less than or equal to ||τ ||,

||f̃ || ≤ sup
τ∈T+(A)

||τ ||≤1

|f̃(τ)|,
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and as T+(A) ⊆ TR(A)
||f̃ || = sup

τ∈T+(A)
||τ ||≤1

|f̃(τ)|.

If T+(A) is not {0} then
sup

τ∈T+(A)
||τ ||≤1

|f̃(τ)| = sup
τ∈T+(A)

||τ ||=1

|f̃(τ)| = ||f ||.

If T+(A) = {0}, then trivially

sup
τ∈T+(A)

||τ ||≤1

|f̃(τ)| = sup
τ∈T(A)

|f̃(τ)| = ∥f∥.

We show f̃ is w∗-continuous. By Corollary 2.7.9 in [Meg98] to show w∗-continuity of f̃ it suffices
to show f̃ is w∗-continuous on the unit ball of TC(A), which we will denote by T 1

C(A). Let
(τi)i∈I ⊂ T 1

C(A) be a converging net τi → τ . Then

f̃(τi) = f(Re(τi)+) − f(Re(τi)−) + i(f(Im(τi)+) + f(Im(τi)−)).

By the construction of the Jordan decomposition

Re(τi)+,Re(τi)−, Im(τi)+, Im(τi)− ∈ T 1
C(A).

Hence
(Re(τi)+,Re(τi)−, Im(τi)+, Im(τi)−)i∈I ⊂

(
T 1
C(A)

)4

induces a net. As T 1
C(A) is compact then (T 1

C(A))4 is compact so there exists a subnet (τij )ij∈I
such that

Re(τij )+ → η1, Re(τij )− → η2, Im(τij )+ → η3, Im(τij )− → η4.

Further as Re(τij ) → Re(τ) and Im(τij ) → Im(τ), and the w∗ topology is Hausdorff

η1 − η2 = Re(τ)+ − Re(τ)−, η3 − η4 = Im(τ)+ − Im(τ)−.

Recall f is norm continuous, and hence w∗ continuous, thus f will also be w∗ continuous on
positive functionals. Hence

f̃(τij ) = f(Re(τij )+) − f(Re(τij )−) + i(f(Im(τij )+) + f(Im(τij )−))
→ f(η1) − f(η2) + i(f(η3) + f(η4)).

As positive elements are a closed set the η’s are positive and since

η1 − η2 = Re(τ)+ − Re(τ)−, η3 − η4 = Im(τ)+ − Im(τ)−,

we get

f(η1) − f(η2) + i(f(η3) + f(η4) = f(Re(τ)+) − f(Re(τ)−) + i(f(Im(τ)+) − f(Im(τ)−)) = f̃(τ).

Thus for any convergent net, we have found a subnet such that f̃ of the subnet is equal to f̃ of the
limit, luckily this is equivalent to normal continuity and hence we have shown that f extends to
a w∗-continuous self-adjoint linear functional f̃ , thus f̃ ∈ (TC(A))∗ ∼= (A/[A,A])∗. Recall for any
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Banach space, B, we can identify the double dual with B when B∗ is equipped with the weak∗

topology, hence A/[A,A] ∼= ((A/[A,A], || · ||)∗, w∗)∗ ∼= (TC(A))∗, where the first isomorphism is
identifying with evaluation functionals.
We prove (i). Let f ∈ AffT (A) and extend f to f̃ ∈ (TC(A))∗. Then there exists a ∈ A such that
[a]

A/[A,A] 7→ f̃ using our above two isomorphisms, further as f̃ is self-adjoint we can find a self-
adjoint. Uniqueness follows as we are using isomorphisms. As f̃ is weak∗ continuous this yields
that f̃ = â. Let ε > 0, and recall our isomorphism is an isometry so ||[a]||

A/[A,A] = ||f̃ || = ||f ||
and by definition of the quotient norm

||a|| ≤ ||[a]||
A/[A,A] + ε = ||f || + ε.

We show (ii). Note
[x, x∗]∗ = (xx∗ − x∗x)∗ = xx∗ − x∗x = [x, x∗].

Hence spanR([x, x∗] | x ∈ A) ⊆ Asa and so spanR([x, x∗]) ⊆ [A,A] ∩ Asa. Let a, b ∈ A we apply
the polarisation identity on [a, b∗]

[a, b∗] =
[

1
2(a+ b), 1

2(a+ b)∗
]

−
[

1
2(a− b), 1

2(a− b)∗
]

+ i

[
1
2(a+ ib), 1

2(a+ ib)∗
]

− i

[
1
2(a− ib), 1

2(a− ib)∗
]
.

To simplify notation set

x1 = 1
2(a+ b),

x2 = 1
2(a− b),

x3 = 1
2(a+ ib),

x4 = 1
2(a− ib).

If a, b are self-adjoint then

[x1, x
∗
1] − [x2, x

∗
2] + i[x3, x

∗
3] − i[x4, x

∗
4] = [x1, x

∗
1] − [x2, x

∗
2] − i[x3, x

∗
3] + i[x4, x

∗
4],

hence [x3, x
∗
3] = [x4, x

∗
4]. For h ∈ [A,A] ∩Asa write

h =
∑

j

λj [aj , b∗
j ],

where aj , b∗
j ∈ A. Since h ∈ Asa, [aj , bj ]∗ = [aj , b∗

j ] and λj ∈ R. Applying the polarisation
identity to h yields

h =
∑

j

λj [aj , b∗
j ] =

∑

j

λj([xj,1, x∗
j,1] − [xj,2, x∗

j,2] ∈ spanR([x, x∗] | x ∈ A).

Our next goal is to show S(AffT (A)) ∼= T (A) and apply Kadison duality, however we need to
how we extend maps defined on self-adjoint elements to the entire C∗-algebra.
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Lemma 3.22. Let A be a unital C∗-algebra and let φ : Asa → R be a bounded linear functional.
Then there exists a self-adjoint bounded linear functional φ̃ : A → C such that

φ̃(x) = φ(a) + iφ(b), a, b ∈ Asa.

Moreover if φ ∈ T (A) then φ̃ is a tracial state.

Proof. Let x ∈ A, and decompose x = a+ ib where a, b ∈ Asa. Hence defining φ̃ by

φ̃(x) := φ̃(a+ ib) = φ(a) + iφ(b)

makes sense. Observe that φ̃ is linear and bounded since φ is. Assume x ∈ Asa, then the
decomposition implies x = a, thus φ̃ extends φ. Assume φ ∈ T (A). We want to show that φ̃ has
the trace property and is a state. As positive elements are self-adjoint applying φ̃ is the same as
applying φ thus φ̃ is positive, and φ̃(1A) = 1, hence φ̃ is a state. What is left to show is that φ̃
has the trace property. Recall the polarisation identity

x∗y = 1
4

3∑

k=0
ik(ikx+ y)∗(ikx+ y),

and note the product in the sum is on the form z∗z hence is a positive element. So

φ̃(x∗y) = 1
4

3∑

k=0
ikφ̃((ikx+ y)∗(ikx+ y))

= 1
4

3∑

k=0
ikφ((ikx+ y)∗(ikx+ y))

= 1
4

3∑

k=0
ikφ((ikx+ y)(ikx+ y)∗)

= 1
4

3∑

k=0
ikφ̃((ikx+ y)(ikx+ y)∗)

= φ̃(yx∗).

We are now ready to apply Kadison duality to AffT (A).

Proposition 3.23. Let A be a unital C∗-algebra and let T (A) denote the space of all tracial
states. Then the state space of AffT (A) is affinely homeomorphic to T (A). By Kadison duality
AffT (A) and T (A) has the same data.

Proof. To show S(AffT (A)) ∼= T (A) we construct two positive affine continuous maps, χ, θ, and
show they are inverses. The two maps χ : S(AffT (A)) → T (A) and θ : T (A) → S(AffT (A)) are
given by

χ(φ)(a) = φ(â) θ(ψ)(f) = f(ψ),

for a ∈ Asa and f ∈ AffT (A). χ makes sense as by Lemma 3.22 it is enough to define χ(φ) on
self-adjoint elements. For the rest the proof let φ1, φ2 ∈ S(AffT (A)), ψ1, ψ2 ∈ T (A), x ∈ A with
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decomposition x = b1 + ib2 for b1, b2 ∈ Asa and for f ∈ AffT (A) find a ∈ Asa such that f = â
by Proposition 3.21. We show χ and θ are inverses. First

χ(θ(ψ))(a) = θ(ψ)(â) = â(ψ) = ψ(a),

then by definition of χ̃ and the above

χ̃(θ(ψ))(x) = χ(θ(ψ))(b1) + iχ(θ(ψ))(b2) = ψ(b1) + iψ(b2) = ψ(x).

The other composition
θ(χ(φ))(â) = â(χ(φ)) = χ(φ)(a) = φ(â).

Hence we have a bijection between the two spaces. We show positivity. First χ, let φ1 ≤ φ2 then

χ(φ1)(a) = φ1(â) ≤ φ2(â) = χ(φ2)(a).

Then χ̃

χ̃(φ1)(x) = χ(φ1)(b1) + iχ(φ1)(b2) ≤ χ(φ2)(b1) + iχ(φ2)(b2) = χ̃(φ2)(x).

Now θ, let ψ1 ≤ ψ2
θ(ψ1)(â) = â(ψ1) = ψ1(a) ≤ ψ2(a) = θ(ψ2)(a).

We show χ, θ are affine. First χ, let t ∈ [0, 1],

χ(tφ1 +(1−t)φ2)(a) = (tφ1 +(1−t)φ2)(â) = tφ1(â)+(1−t)φ2(â) = tχ(φ1)(a)+(1−t)χ(φ2)(a).

Then for χ̃

χ̃(tφ1 + (1 − t)φ2)(x) = t(χ(φ1)(b1) + iχ(φ1)(b2)) + (1 − t)(χ(φ2)(b1) + iχ(φ2)(b2))
= tχ̃(φ1)(x) + (1 − t)χ̃(φ2)(x)

Now θ,

θ(tψ1 + (1 − t)ψ2)(â) = â(tψ1 + (1 − t)ψ2) = tâ(ψ1) + (1 − t)â(ψ2) = tθ(ψ1)(â) + (1 − t)θ(ψ)(â).

We show continuity. Let (φi)i∈I ⊂ S(AffT (A)) and (ψj)j∈J ⊂ T (A) be converging nets

φi → φ, ψj → ψ.

Both spaces has the w∗ topology, hence the nets (φi)i∈I , (ψj)j∈J converges if and only if for all
f ∈ AffT (A) and for all a ∈ A

φi(f) → φ(f), ψi(a) → ψ(a).

We show continuity for χ.

χ(φi)(a) = φi(â) → φ(â) = χ(φ)(a),

Then for χ̃.

χ̃(φi)(x) = χ(φi)(b1) + iχ(φi)(b2) → χ(φ)(b1) + iχ(φ)(b2) = χ̃(φ)(x).

Now θ.
θ(ψi)(â) = â(ψi) = ψi(a) → ψ(a) = θ(ψ)(â).

Recalling that T (A) is compact in the w∗ topology AffT (A) is complete by Lemma 3.13, and by
Kadison duality 3.15 AffT (A) and S(AffT (A)) ∼= T (A) has the same data.

We are now done with this small detour into the world of order unit spaces, and can conclude
that for a unital C∗-algebra A working with T (A) or AffT (A) will give the same results by
Kadison duality. Moving forward in this project we will consider AffT (A) instead of T (A).
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4 The functors KTu and K
alg
1

In this section we will introduce the pairing map, ρA, which connects K0(A) and AffT (A). Then
we define two functors, Kalg

1 (A) and KTu(A) both of which are constituents in the total invariant
we will define in section 6.

4.1 KTu

To define KTu of a C∗-algebra we first need to define the pairing map.

Definition 4.1. Let A be a unital C∗-algebra and define the paring map ρA : K0(A) → AffT (A),
for p, q ∈ Pn(A) and τ ∈ T (A) by

ρA([p]0 − [q]0)(τ) := τn(p− q),

where τn denotes the non-normalised extension of τ to Mn(A) that is τn(1Mn(A)) = n. We write

(p̂n − q̂n)(τ) = τn(p− q).

for the non-normalised extension of the evaluation.

We now define one of the key objects in this thesis, KTu, together with morphisms between such
objects, both of which will be studied in more detail later in the thesis.

Definition 4.2 ( [CGS+23](2.3)). Let KTu be the functor on the category of unital C∗-algebras
with unital ∗-homomorphisms that assigns to a unital C∗-algebra the quadruple

KTu(A) = (K∗(A), [1A]0,AffT (A), ρA).

A KTu morphism (α∗, γ) : KTu(A) → KTu(B) consists of a pair α∗ = (α0, α1) of homomor-
phisms αi : Ki(A) → Ki(B), for i ∈ {0, 1} with α0([1A]0) = [1B ]0 and a positive linear map
γ : AffT (A) → AffT (B) such that

K0(A) AffT (A)

K0(B) AffT (B)

α0 γ

ρA

ρB

commutes.

We now move to defining the other functor, Kalg
1 (A), which will require a bit more work.

4.2 Constructing K
alg
1

For this section let A be a unital C∗-algebra and denote by Un(A) the group of unitaries in
Mn(A), in the norm topology. We will also denote by DUn(A) the derived subgroup of Un(A),
that is elements on the form uvu∗v∗ where u, v ∈ Un(A). We wish to define a direct limit of
Un(A), so consider the connecting maps ιn,m : Un(A) → Um(A) given by

a 7→
(
a 0
0 1

)
,

and construct the direct limit U∞(A). We equip this with the inductive limit topology, which
is given by V ⊆ U∞(A) is open if and only if V ∩ Un(A) is open for all n ∈ N. We also define
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the infinite derived group, DU∞ :=
⋃
nDUn(A). Note that in the inductive limit topology

multiplication is separably continuous and inversion is continuous in U∞(A) hence DU∞(A) will
be a normal subgroup of U∞(A) and therefore we U∞(A)/DU∞(A) is well defined.

Definition 4.3 ( [CGS+23](2.6)). Let A be a unital C∗-algebra. Define the Hausdorffized
unitary algebraic K1 group of A by

K
alg
1 (A) := U∞(A)/DU∞(A).

We write [u]alg for the equivalence class of u ∈ U∞(A) in K
alg
1 (A). Let φ : A → B be a

unital ∗-homomorphism, then there is an induced map K
alg
1 (φ) : Kalg

1 (A) → K
alg
1 (B) given by

K
alg
1 (φ)([u]alg) := [φ(n)(u)]alg, for u ∈ Un(A), where φ(n) is the induced map on the matrix

algebra Un(A). Hence Kalg
1 is a functor from unital C∗-algebras to abelian groups.

One property of DU∞(A) is that all elements in it are connected to the identity.

Proposition 4.4. Let A be a unital C∗-algebra and DU∞(A) its infinite derived subgroup, then
DU∞(A) ⊆ U

(0)
∞ (A), where U (0)

n (A) is the unitaries homotopic to the identity.

Proof. Let u, v ∈ Un(A), then


uvu∗v∗ 0 0

0 1 0
0 0 1


 =



u 0 0
0 u∗ 0
0 0 1





v 0 0
0 1 0
0 0 v∗





u∗ 0 0
0 u 0
0 0 1





v∗ 0 0
0 1 0
0 0 v


 .

Thus to show that uvu∗v∗ ∼h 1 in DU∞(A) it is enough to show that each of the four constituents
in the product is connected to the identity. By Whitehead’s lemma [RLL00](2.1.5)

(
u 0
0 v

)
∼h

(
uv 0
0 1

)
.

Hence 

u 0 0
0 u∗ 0
0 0 1


 ∼h




1 0 0
0 1 0
0 0 1


 ∼h



u∗ 0 0
0 u 0
0 0 1


 ,

and 

v∗ 0 0
0 1 0
0 0 v


 ∼h



v∗ 0 0
0 v 0
0 0 1


 ∼h




1 0 0
0 1 0
0 0 1


 ∼h



v 0 0
0 v∗ 0
0 0 1


 ∼h



v 0 0
0 1 0
0 0 v∗


 .

Thus 

uvu∗v∗ 0 0

0 1 0
0 0 1


 ∼h




1 0 0
0 1 0
0 0 1


 .

What we just saw implies there is a canonical projection of Kalg
1 (A) unto K1(A).

Definition 4.5. [CGS+23](2.9) Let A be a unital C∗-algebra. There exists a canonical surjection
̸ aA : Kalg

1 (A) → K1(A) given by ̸ aA([u]alg) = [u]1 for u ∈ U∞(A). This is well defined by
Proposition 4.4.

This finishes what is a pretty small section, however the definitions, especially KTu will be used
later.
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5 The Thomsen map
As the name suggest, this section will be devoted to the Thomsen map, which connects AffT (A)
and K

alg
1 .

5.1 Constructing the Thomsen map
Our goal is to define a map, ThA : AffT (A) → K

alg
1 (A), given by ThA(â) = [e2πia]alg for some

a ∈ Asa where A is a unital C∗-algebra. Recall by Proposition 3.21 any f ∈ AffT (A) can be
realized as the point evaluation functional â for some self-adjoint element a ∈ Asa, so it makes
sense to define ThA only for point evaluations of self-adjoint elements.

Proposition 5.1 ( [CGS+23]). Let A be a unital C∗-algebra and define
ThA : AffT (A) → K

alg
1 (A) by ThA(â) = [e2πia]alg using functional calculus. Then ThA is a well

defined continuous group homomorphism. We will call ThA the Thomsen map.

Proof. We check ThA is a continuous group homomorphism. Recall working in U∞(A)/DU∞(A)
means that elements commute hence

eiaeib(e−i a
n e−i b

n )n = eiaeibe−iae−ib = 1A mod DU∞(A).

Using the above together with the Lie-Trotter formula:

eiaeibe−i(a+b) = lim
n→∞

eiaeib(e−i a
n e−i b

n )n,

we get
eiaeibe−i(a+b) = 1A mod DU∞(A).

Hence a 7→ [e2πia]alg is a continuous group homomorphism. We show ThA is well defined. By
Proposition 3.21 we have [A,A] ∩ Asa = span{[x, x∗] | x ∈ A} and since we are working mod
DU∞(A) together with ThA being a continuous group homomorphism it suffices to show

[e2πi(v∗v−vv∗)]alg = 0,

for each v ∈ A. Pick some y ∈ R such that ||v|| < y. For t ∈ [0, 1] let wt = tv + y1A, we will
often abuse notation and simply write wt = tv + y. Note

∥y1A − (tv + y1A)∥ = ∥tv∥ < y = ∥(y1A)−1∥−1,

by Proposition 2.1.11 in [RLL00] wt is invertible, and by Proposition 2.1.8 also in [RLL00] there
exists a unitary, ut such that ut = wt|wt|−1 = wt(w∗

twt)− 1
2 , defined by functional calculus.

Consider the element w1 = v + y, we observe two properties of this element. First

w∗
1w1 − w1w

∗
1 = (v∗ + y)(v + y) − (v + y)(v∗ + y)

= v∗v + yv∗ + yv + y2 − vv∗ − yv − yv∗ − y2

= v∗v − vv∗.

To show the other property, note w1 = u1|w1| and |w1| is selfadjoint since w∗
1w1 is selfadjoint.

u1w
∗
1w1u

∗
1 = u1|w1|∗u∗

1u1|w1|u∗
1

= w1|w1|−1|w1|∗|w1|(|w1|−1)∗w∗
1

= w1w
∗
1 .

21 of 72



Department of Computer Science and Mathematics University of Southern Denmark

Combining these properties

e2πi(v∗v−vv∗) = e2πi(w∗
1w1−w1w

∗
1 ) mod DU(A)

= e2πi(w∗
1w1−u1w

∗
1w1u

∗
1) mod DU(A)

= e2πiw∗
1w1e−2πiu1w

∗
1w1u

∗
1 mod DU(A)

= e2πiw∗
1w1u1e

−2πiw∗
1w1u∗

1 mod DU(A),

where the last equality comes from functional calculus. Thus e2πi(v∗v−vv∗) is on the form aba∗b∗

and hence is an element of DU(A), therefore [e2πi(v∗v−vv∗)]alg = 0.

We wish to construct a short exact sequence using the Thomsen map and the pairing map.
However to show exactness we first need to consider another map entirely, namely de la Harpe -
Skandalis determinant map.

5.2 de la Harpe-Skandalis map
In this section A will be a unital C∗-algebra and Un(A) will denote the group of unitaries in
Mn(A). As the section name suggest we first define the de la Harpe-Skandalis determinant map.

Definition 5.2 ( [CGS+23][Proposition 2.11]). Let u : [0, 1] → Un(A) be a piecewise smooth
path. For any trace on A, τ ∈ T (A), we define the de la Harpe-Skandalis determinant map by

∆̃A(u)(τ) = 1
2πi

∫ 1

0
τn

((
d

dt
u(t)

)
u(t)∗

)
dt,

where τn is the non-normalised canonical extension of τ to Mn(A).

There is a lot to unpack in this definition, does d
dtu(t) even make sense? We will unravel the

definition starting with the simple case, what happens when u(t) = e2πita for some self-adjoint
element a ∈ Asa.

Proposition 5.3. Let a ∈ Asa be a self-adjoint element of a unital C∗-algebra A. For each
t ∈ [0, 1] define the element e2πita by functional calculus. Then u(t) = e2πita is a smooth path of
unitaries and d

dtu(t) = 2πiae2πita.

Proof. By construction u(t) is a path of unitaries, we now compute d
dtu(t). Fix t0 ∈ [0, 1], since

the spectrum of a is compact
(

1
t− t0

(
e2πitx − e2πit0x

))

t∈R\{t0}
,

will converge uniformly to 2πixe2πit0x when x is in the spectrum of a for t going to t0. As e2πita

is defined by functional calculus

lim
t→t0

∥∥∥∥
1

t− t0

(
e2πita − e2πit0a

)
− 2πiae2πit0a

∥∥∥∥ = 0,

by definition d
dte

2πita = 2πiae2πita which implies e2πita is a smooth path of unitaries.

As we have found d
dte

2πita we can compute ∆̃A(u).
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Example 5.4. Let a ∈ Asa be a self-adjoint element of a unital C∗-algebra, A, and consider the
smooth path of unitaries given by u(t) = e2πita. Then ∆̃A(u)(τ) = τ(a).

Proof. By Proposition 5.3

∆̃A(u) = 1
2πi

∫ 1

0
τ
(
2πiae2πitae−2πita) dt =

∫ 1

0
τ(a)dt = τ(a).

This example will form the basis of how we compute the determinant of an arbitrary path. We
will show later that any piecewise smooth path can be written in some exponential form and
hence be calculated more or less as in the example.

Lemma 5.5. Let arccos :
[
− 1

2 ,
1
2
]

→ [0, π] be the inverse function of cos |[−
1
2 ,

1
2 ]

[0,π] . Then the
function f :

(
− 1

2 ,
1
2
)

→ T\{−1} given by f(t) = e2πit has inverse 1
2πi ln : T\{−1} →

(
− 1

2 ,
1
2
)

which satisfies:

• 1
2πi ln is smooth,

• | 1
2πi ln(z)| = 1

2π arccos
(
1 − 1

2 |z − 1|2
)
.

Proof. f is smooth and for all n ∈ N0, f (n)(t) = (2πi)ne2πit ̸= 0, by the inverse function theorem
1

2πi ln is smooth. The other property follows from a straight forward computation. Recall for
z ∈ T\{−1} we can write z = e2πit = cos(2πt) + i sin(2πt) for some t ∈

(
− 1

2 ,
1
2
)
, thus

∣∣∣∣
1

2πi ln(z)
∣∣∣∣ = |t| = 1

2π arccos(cos(2πt)) = 1
2π arccos(Re(z)).

One observes

|z − 1|2 = (cos(2πt) − 1)2 + sin2(2πt)
= 1 + cos2(2πt) − 2 cos(2πt) + sin2(2πt)
= 2(1 − cos(2πt))
= 2(1 − Re(z)),

so Re(z) = 1 − 1
2 |z − 1|2. Hence

∣∣∣∣
1

2πi ln(z)
∣∣∣∣ = 1

2π arccos
(

1 − 1
2 |z − 1|2

)
.

We now consider what happens when z is not a complex number but a unitary or unitary path.

Corollary 5.6. Let u ∈ U(A) with ||u − 1|| < 2. Then a := 1
2πi ln(u), defined by functional

calculus, satisfies

• a is selfadjoint.

• ∥a∥ = 1
2π arccos

(
1 − 1

2 ∥u− 1∥2).
• u = e2πia.
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In particular for some t0, t1 ∈ [0, 1] with t0 < t1, if u : [t0, t1] → U(A) is continuous/piecewise
smooth, and supt∈[t0,t1] ∥u(t) − 1∥ < 2 then a(t) : [t0, t1] → Asa defined by a(t) = 1

2πi ln(u(t))
satisfies

• a(t) is continuous/piecewise smooth,

• supt∈[t0,t1] ∥a(t)∥ = 1
2π arccos

(
1 − 1

2 supt∈[t0,t1] ∥u(t) − 1∥2
)

,

• u(t) = e2πia(t).

Proof. First note for all t, s ∈ [0, 1], σ(u(t)u∗(s)) ⊆ T\{−1}. Indeed suppose −1 ∈ σ(u(t)u∗(s)),
then

||u(t)u∗(s) − 1|| ≥ | − 1 − 1| = 2.
Hence we can make the complex logarithm is continuous by taking a branch cut at −1 and hence
a and a(t) are well defined by functional calculus. We show a is self-adjoint. Since a is normal
with spectrum

σ

(
1

2πi ln(u)
)

=
{

1
2πi ln(z) | z ∈ σ(u)

}

⊆
{

1
2πi ln(z) | z ∈ T\{−1}

}

=
(

−1
2 ,

1
2

)
.

a is selfadjoint. We compute the norm of a. By Lemma 5.5

||a|| = sup
z∈σ(u)

∣∣∣∣
1

2πi ln(z)
∣∣∣∣

= sup
z∈σ(u)

1
2π arccos

(
1 − 1

2 |z − 1|2
)
.

arccos is a decreasing function so arccos
(
1 − 1

2 |z − 1|2
)

is large when 1 − 1
2 |z− 1|2 is small, thus

sup
z∈σ(u)

1
2π arccos

(
1 − 1

2 |z − 1|2
)

= 1
2π arccos

(
1 − 1

2 sup
z∈σ(u)

|z − 1|2
)

= 1
2π arccos

(
1 − 1

2∥u− 1∥2
)
.

The properties for u : [t0, t1] → U(A) being a continuous/piecewise smooth path follows from
analogous computations.

Having seen that we can write unitaries and unitary paths in exponential form, we are ready to
prove a lemma, which will by paramount to proving the desired properties of the de la Harpe-
Skandalis determinant map.

Lemma 5.7. Let A be a unital C∗-algebra and let u : [0, 1] → Un(A) be a continuous path of
unitaries. Then for every 0 < ε < 2 there exists a piecewise smooth path v : [0, 1] → Un(A) such
that u(0) = v(0), u(1) = v(1) and

sup
t∈[0,1]

||u(t) − v(t)|| < ε.
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In particular u is homotopic to v, u ∼h v.

Proof. Since u is continuous we find 0 = t0 < t1 < ... < tk = 1 such that

sup
t∈[tj−1,tj ]

||u(t)u∗(tj−1) − 1|| = sup
t∈[tj−1,tj ]

||u(t) − u(tj−1)|| < ε

2 .

For j ∈ {1, 2, ..., k} define aj : [tj−1, tj ] → Mn(A)sa by functional calculus

aj(t) = 1
2πi ln(u(t)u∗(tj−1)),

thus for t ∈ [tj−1, tj ], u(t) = e2πiaj(t)u(tj−1).

By Corollary 5.6 aj is well defined and

sup
t∈[tj−1,tj ]

||aj(t)|| = 1
2π arccos

(
1 − 1

2 sup
t∈[t0,t1]

∥u(t) − 1∥2

)
<

1
2π arccos

(
1 − 1

2

∣∣∣ε2 − 1
∣∣∣
2
)
.

Define ãj : [tj−1, tj ] → Mn(A)sa by

ãj(t) = t− tj−1
tj − tj−1

aj(tj).

Note ãj is smooth and

sup
t∈[tj−1,tj ]

||ãj(t)|| = ||aj(tj)|| <
1

2π arccos
(

1 − 1
2

∣∣∣ε2 − 1
∣∣∣
2
)
,

with the last inequality coming from the bound above. Using ãj we define a continuous path by

v(t) =





e2πĩa1(t)u(0) if t ∈ [0, t1],
...

e2πĩak(t)u(tk−1) if t ∈ [tk−1, 1].

First note

v(0) = e2πĩa1(0)u(0) = u(0),

v(1) = e2πĩak(1)u(tk−1) = e2πiak(1)u(tk−1) = u(1)u(tk−1)∗u(tk−1) = u(1).

Moreover for each j, e2πiãj(tj)u(tj−1) is smooth hence v will be piecewise smooth if the endpoints
are connected. For j ∈ {1, 2, ..., k − 1} we compute

e2πiãj(tj)u(tj−1) = e2πiaj(tj)u(tj−1) = u(tj)

e2πĩaj+1(tj)u(tj) = e0u(tj) = u(tj).

We show ||u − v|| < ε. It is enough to check supt∈[tj−1,tj ] ||u(t) − v(t)|| < ε. Using our bounds
||aj(t)|| < 1

2π arccos
(

1 − 1
2
∣∣ ε

2 − 1
∣∣2
)

and ∥ãj(t)|| < 1
2π arccos

(
1 − 1

2
∣∣ ε

2 − 1
∣∣2
)

, so by functional
calculus

sup
t∈[tj−1,tj ]

||e2πiaj(t) − 1|| < 1 − ε

2 ,

sup
t∈[tj−1,tj ]

||e2πiãj(t) − 1|| < 1 − ε

2 .
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Thus by the triangle inequality

sup
t∈[tj−1,tj ]

||u(t) − v(t)|| < ε.

Lastly u is homotopic to v by Proposition 2.1.3 in [RLL00].

We are now able to prove the main theorem of this section.

Proposition 5.8 ( [CGS+23][2.11]). Let A be a unital C∗-algebra. The de la Harpe-Skandalis
determinant map gives a continuous group homomorphism

∆̃A : U∞(C([0, 1], A)) → AffT (A)

such that

(i) ∆̃A(u) depends only on the homotopy class of u, in the space of continuous unitary paths
that fixes endpoints.

(ii) For a self-adjoint h ∈ Mn(C([0, 1], A)),

∆̃A(e2πih)(τ) = τn(h(1) − h(0)), τ ∈ T (A),

where τn is the canonical non-normalized extension of τ to Mn(A).

(iii) Let (C0((0, 1), A))† denote the unitisation of C0((0, 1), A), and identify the homotopy classes
of U∞(C0((0, 1), A))†) with K0(A) by applying the Bott map. Then the homomorphism from
(i) is given by the pairing map ρA.

(iv) There is a continuous group homomorphism

detA : U (0)
∞ (A) → AffT (A)/ImρA,

given by detA(u) := ∆̃A(v)+ImρA, where v ∈ U∞(C([0, 1], A)) has v(0) = 1A and v(1) = u.

Proof. We start by showing the de la Harpe-Skandalis determinant map is a group homomor-
phism. Let u, v : [0, 1] → Un(A) be piecewise smooth paths of unitaries, and τ ∈ T (A) be a
trace. Then

2πi∆̃A(uv)(τ) =
∫ 1

0
τn

((
d

dt
u(t)v(t)

)
v∗(t)u∗(t)

)
dt

=
∫ 1

0
τn

((
d

dt
u(t)

)
v(t)v∗(t)u∗(t) + u(t)

(
d

dt
v(t)

)
v∗(t)u∗(t)

)
dt

= 2πi∆̃A(u)(τ) +
∫ 1

0
τn

(
v∗(t)u∗(t)u(t)

(
d

dt
v(t)

))
dt

= 2πi(∆̃A(u) + ∆̃A(v)).

We prove (i). Let u, v : [0, 1] → Un(A) be piecewise smooth paths of unitaries such that
u(0) = v(0), u(1) = v(1), and let ∥u− v∥ < 2. Define a : [0, 1] → Mn(A)sa by

a(t) = 1
2πi ln(u(t)∗v(t)).
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By Corollary 5.6 a is well defined and piecewise smooth, moreover as u and v have the same
endpoints

a(0) = 0 = a(1).

Computing the determinant

∆̃A(u∗v)(τ) = ∆̃A(e2πia)(τ)

= 1
2πi

∫ 1

0
τn

((
d

dt
e2πia(t)

)
e−2πia(t)

)
dt

= 1
2πi

∫ 1

0
τn

(
2πi

(
d

dt
a(t)

)
e2πia(t)e−2πia(t)

)
dt

= τn

(∫ 1

0

d

dt
a(t)dt

)

= τn(a(1) − a(0))
= 0.

Thus ∆̃A(u) = ∆̃A(v) since ∆̃A is a group homomorphism.
Now assume that u1, u2 : [0, 1] → Un(A) are piecewise smooth paths of unitaries, and u1 ∼h u2.
As u1 ∼h u2 there exists continuous paths v1, v2, ..., vk : [0, 1] → Un(A) such that
u1(0) = u2(0) = vj(0), u1(1) = u2(1) = vj(1), for j ∈ {1, 2, ..., k}, further ∥u1 − v1∥ < 1,
∥u2−vk∥ < 1 and ∥vj−1−vj∥ < 1. By Lemma 5.7 find piecewise smooth paths wj : [0, 1] → Un(A)
such that wj(0) = vj(0), wj(1) = vj(1) and ∥wj − vj∥ < 1

2 . Applying the triangle inequality
∥u1 − w1∥ < 2, ∥u2 − wk∥ < 2 and ∥wj−1 − wj∥ < 2, thus

∆̃(u1) = ∆̃(w1) = ∆̃(w2) = ... = ∆̃(wk) = ∆̃(u2),

by the first part. So we have proven (i) for piecewise smooth paths. We extend the de la
Harpe-Skandalis determinant map to continuous paths of unitaries. Let u : [0, 1] → Un(A) be a
continuous path of unitaries, and let u′ : [0, 1] → Un(A) be a piecewise smooth path homotopic
to u, note at least 1 exists by Lemma 5.7, define the extension by ∆̃A(u) := ∆̃A(u′). This is well
defined by the above, indeed if we have two piecewise smooth paths, u1, u2 : [0, 1] → Un(A) both
homotopic to u, then u1 is homotopic to u2, thus ∆̃A(u1) = ∆̃A(u2). One observes ∆̃A is still a
group homomorphism by an analogous computation. To see that the extension only depends on
the homotopy class of u, let v : [0, 1] → Un(A) be a continuous path of unitaries homotopic to
u, then for some piecewise smooth path of unitaries v′ : [0, 1] → Un(A) homotopic to v,

u′ ∼h u ∼h v ∼h v
′,

and by the above
∆̃A(u) = ∆̃A(u′) = ∆̃A(v′) = ∆̃A(v).

We prove (ii). Let h : [0, 1] → Mn(A) be a selfadjoint piecewise smooth map,

∆̃A(e2πih)(τ) = 1
2πi

∫ 1

0
τn

((
d

dt
e2πih(t)

)
e−2πih(t)

)
dt =

∫ 1

0
τn

((
d

dt
h(t)

))
dt

= τn(h(1) − h(0)).

For h ∈ Mn(C([0, 1], A)), find a piecewise smooth path homotopic to h with the same endpoints
using Lemma 5.7, applying by property (i) then yields property (ii).
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We show ∆̃A is continuous. Let ε > 0, δ =
√

2(1 − cos
(
π
nε
)
), and u, v : [0, 1] → Un(A) be

continuous paths of unitaries, if

sup
t∈[0,1]

∥u(t)v(t)∗ − 1∥ = sup
t∈[0,1]

∥u(t) − v(t)∥ < δ,

define a : [0, 1] → Mn(A)sa by a(t) = 1
2πi ln(u(t)v(t)∗). By Corollary 5.6 a is well defined and

∥a(t)∥ = 1
2π arccos

(
1 − 1

2∥u(t)v(t)∗ − 1∥2
)
<

1
2π arccos

(
1 − 1

2δ
2
)

= 1
2nε.

For τ ∈ T (A) and by property (ii),

|(∆̃A(u) − ∆̃A(v))(τ)| = |∆̃A(uv∗)(τ)|
= |∆̃A(e2πia)|
= |τn(a(1)) − τn(a(0))|
≤ |τn(a(1))| + |τn(a(0))|
≤ n(∥a(1)∥ + ∥a(0)∥)

< n

(
1

2nε+ 1
2nε

)

= ε.

So we have continuity for all n ∈ N and thus the de la Harpe-Skandalis map is continuous on
U∞(C([0, 1], A)). We show property (iii). Recall the Bott map for the cone-suspension exact
sequence, βSA, associates a projection, p, to the smooth unitary path fp : [0, 1] → Un(A) given
by fp(t) = e2πitp. Thus βSA([p]0 − [q]0) = e2πitpe−2πitq. By property (ii)

∆̃A(βSA([p]0 − [q]0)) = ∆̃A(e2πitp) − ∆̃A(e2πitq) = p̂− q̂ = ρA([p]0 − [q]0).

We show property (iv). Observe U (0)
∞ (A) =

⋃
n∈N U

(0)
n (A), thus for u ∈ U

(0)
∞ (A) there exists

some n ∈ N such that u ∈ U
(0)
n (A), further as u is connected to the identity, find a path

v ∈ U
(0)
n (C([0, 1], A)) such that v(0) = 1Mn(A) and v(1) = u. To check that detA is well defined

we show two different paths from 1Mn(A) to u yields the same element modulo Im(ρA). Let
v1, v2 : [0, 1] → Un(A) be continuous paths of unitaries, such that v1(0) = v2(0) = 1Mn(A) and
v1(1) = v2(1) = u. Then

v1(0)v∗
2(0) = 1Mn(A) = uu∗ = v1(1)v∗

2(1),

so v1v
∗
2 ∈ Un(C0((0, 1), A)†), and by part (iii), ∆̃A(v1v

∗
2) ∈ Im(ρA). Since ∆̃A is a continuous

group homomorphism
0 + Im(ρA) = ∆̃A(v1) − ∆̃A(v2) + Im(ρA)

or equivalently
∆̃A(v1) + Im(ρA) = ∆̃A(v2) + Im(ρA).

Note detA is a group homomorphism as ∆̃A is so what is left to show is continuity. As U (0)
n

is a topological group it is enough to show continuity at 1, for all n ∈ N. Let n ∈ N, ε > 0,
δ =

√
2
(
1 − cos

( 2π
n ε
))

, and u ∈ U
(0)
n (A), if

∥u− 1∥ < δ,
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define a = 1
2πi ln(u), by Corollary 5.6 a is well defined and

∥a∥ = 1
2π arccos

(
1 − 1

2∥u− 1∥2
)
<

1
2π arccos

(
1 − 1

2δ
2
)

= 1
n
ε.

Define the smooth path b : [0, 1] → Mn(A)sa by b(t) = ta, which is self-adjoint as a is, and define
v : [0, 1] → Un(A) by v(t) = e2πib(t) which is a smooth path of unitaries, note v(0) = 1 and
v(t) = u. By property (ii)

∆̃A(v) = b̂(1) − b̂(0) = â.

For τ ∈ T (A),

|(det
A

(u) − det
A

(1))(τ)| = |∆̃A(v)(τ)| = |τn(a)| ≤ n∥a∥ < ε.

Being able to work with the de la Harpe-Skandalis determinant map will enable us to construct
a short exact sequence using the Thomsen and pairing maps.

Properties of the Thomsen map
We are now back to the Thomsen map, and in this section we construct the short exact sequence
alluded to earlier.

Proposition 5.9 ( [CGS+23](2.9)). Let A be a unital C∗-algebra then

(i) Im(ThA) = ker(̸aA),

(ii) ker(ThA) = Im(ρA).

Proof. We prove (i). Let [x]alg ∈ ker(̸aA), then x ∈ U
(0)
∞ (A), and by Proposition 2.1.6 in [RLL00]

x = eih1eih2 ...eihk ,

for some k ∈ N and hj ∈ Asa, j ∈ {1, ..., k}. Denote by lj = 1
2πhj which is also self-adjoint.

Computing ThA

ThA(l̂1 l̂2 · ... · l̂k) = [e2πil1l2·...·lk ]alg = [eih1eihk ...eihk ]alg = [x]alg.

and hence ker(̸aA) ⊆ Im(ThA). We show the converse inclusion. By Lemma 2.1.3 in [RLL00],
e2πia is connected to the identity for all self-adjoint elements a ∈ Asa and hence ̸ aA(ThA(â)) = 0,
thus Im(ThA) ⊆ ker(ψA).

We prove (ii). Note if u ∈ DU
(0)
∞ (A) then u = aba∗b∗ for some a, b ∈ U

(0)
∞ (A), and as ∆̃A is a

homomorphism

detA(u) = ∆̃A(vavbva∗vb∗) + Im(ρA) = ∆̃A(va) + ∆̃A(vb) + ∆̃A(va∗) + ∆̃A(vb∗) + Im(ρA) = 0.

hence DU∞(A) ⊆ ker(detA), and by continuity of detA we get DU∞(A) ⊆ ker(detA). Let

detA : U (0)
∞ /DU

(0)
∞ (A) → AffT (A)/Im(ρA),
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be the induced continuous group homomorphism. For f ∈ AffT (A), f = â, a ∈ Asa, and
τ ∈ T (A)

detA(ThA(â))(τ) = detA(e2πia)(τ).

Consider the self-adjoint element b ∈ C([0, 1], A) given by b(t) = ta then v(t) = e2πib(t) is a
continuous path of unitaries such that v(0) = 1A and v(1) = e2πia. Continuing our calculation
and using property (ii) from Proposition 5.8

detA(e2πia)(τ) = ∆̃A(v)(τ)+Im(ρA) = τ(b(1)−b(0))+Im(ρA) = τ(a)+Im(ρA) = â(τ)+Im(ρA).

Thus when â ∈ ker(ThA) then ThA(â) ∈ ker(detA) which implies ThA(â) ∈ Im(ρA), hence
ker(ThA) ⊆ Im(ρA). We show Im(ρA) ⊆ ker(ThA). Let p, q ∈ Pn(A) be projections, then

ThA(ρA([p]0 − [q]0)) = ThA(p̂n − q̂n) = [e2πipe−2πiq]alg = [e2πip]alg + [e−2πiq]alg = 0,

where the last equality comes from the spectrum of a projection is contained in {0, 1} and we have
defined e2πip using functional calculus. Thus Im(ρA) ⊆ ker(ThA). Recall by Proposition 3.21
for f ∈ AffT (A) we can find a a ∈ Asa such that â = f , and ∥a∥ < ∥f∥ + ε, hence the Thomsen
map is continuous into U1(A)/DU1(A) and Im(ρA) ⊆ ker(ThA) finishing the proposition.

We are finally ready to reap the reward of the work in this section, and construct the short exact
sequence.

Corollary 5.10 ( [CGS+23]). Let A be a unital C∗-algebra, ThA it’s associated Thomsen map
and ̸ aA be the canonical surjection from K

alg
1 (A) → K1(A). Then

0 AffT (A)/Im(ρA) K
alg
1 (A) K1(A) 0.ThA ̸ aA

is a short exact sequence.

Proof. Using Noether first isomorphism theorem

ThA : AffT (A)/ ker(ThA) → Im(ThA),

is a group isomorphism. Then applying (i), (ii) from Proposition 5.9 we get

ThA : AffT (A)/Im(ρA) → ker(̸aA).

To construct the sequence we compose ThA with the inclusion ι : ker(̸aA) → K
alg
1 (A). We will

abuse notation and write ThA even when we have composed with the inclusion, thus

0 AffT (A)/Im(ρA) K
alg
1 (A) K1(A) 0,ThA ̸ aA

is short exact.

This sequence actually splits, but to see this we first have to introduce injective modules and
divisible abelian groups. Our introduction will be very short, and many of the proofs will be
omitted.

Definition 5.11. Let R be a ring, then a left module M over R is injective if it satisfies one of
the following equivalent conditions
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• If M is a submodule of another left R module, N , then there exists another submodule of
N , K, such that the internal direct sum M +K = N and M ∩K = {0}.

• Any short exact sequence

0 M N K 0,φ ψ

of left R modules splits

• If X and Y are left R modules, f : X → Y is an injective homomorphism and g : X → M
is any homomorphism, then there exists h : Y → M such that the diagram with exact
rows,

0 X Y

M

f

g
h

commutes.

We define divisible abelian groups

Definition 5.12 ( [CGS+23]). Let A be an abelian group. We say A is divisible if for each
a ∈ A and n ∈ N there exists b ∈ A such that nb = a.

There is a correspondence between divisible abelian groups and injective modules.

Proposition 5.13. Let A be an abelian group then A is divisible if and only if A is an injective
module.

A neat result about divisible groups is that divisibility is preserved under quotients.

Proposition 5.14. Let A be a divisible group and B ⊂ A be a normal subgroup, then A/B is
divisible.

Proof. Let n ∈ N and [a]B ∈ A/B. Using the canonical surjection π : A → A/B, π(a) = [a]B ,
and since A is divisible there exists a′ ∈ A such that na′ = a. Hence

[a]B = π(a) = nπ(a′) = n[a′]B .

We show that any real vector space is a divisible group, this would show AffT (A)/Im(ρA) is
divisible.

Proposition 5.15. Let V be a real vector space, then V is a divisible group.

Proof. Let v ∈ V and n ∈ N. Since V is a real valued vector space w = 1
nv is a well defined

element and hence ng = f .

Using the above we see our sequence splits.

Corollary 5.16 ( [CGS+23] (2.9)). Let A be a unital C∗-algebra, then the short exact sequence

0 AffT (A)/Im(ρA) K
alg
1 (A) K1(A) 0.ThA ̸ aA

from Corollary 5.10 splits. Thus Kalg
1 (A) ∼= AffT (A)/Im(ρA) ⊕K1(A).
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Proof. By Proposition 5.15, AffT (A) is divisible and by Proposition 5.14 AffT (A)/Im(ρA) is
divisible, hence injective by Proposition 5.13. By the definition of injective modules 5.11

0 AffT (A)/Im(ρA) K
alg
1 (A) K1(A) 0.ThA ̸ aA

splits.

We are now only missing one ingredient in the total invariant, which is a family of homomorphism.

6 The total invariant
In this section we will define the last ingredient missing from the total invariant, namely a
collection of maps, ζ(n)

A , connecting K-theory with coefficients and K
alg
1 . Then we finally define

the total invariant for a unital C∗-algebra.

6.1 The zeta maps
In this section we will introduce a collection of maps, ζ(n)

A , and show how these maps arises in a
natural fashion. Let A be a unital C∗-algebra and for now fix n ≥ 2. Recall we can identify the
unitisation of In(A) by

In(A)† = {f ∈ C([0, 1],Mn(A)) | f(0) ∈ A⊗ 1Mn , f(1) ∈ C1Mn(A)}.

Consider the evaluation maps, ev(0,n)
A : In(A)† → A and ev(1,n)

A : In(A)† → A. Where the former
is the map induced by evaluation at 0, be aware that the co-domain of ev(0,n)

A is A and not
A ⊗ 1Mn

thus ev(0,n)
A (1(In(A)†)) = 1A. The latter map is induced by evaluation at 1, again we

caution the reader to be aware of the co-domain. Let ζ̃(n)
A : U∞(In(A)†) → K

alg
1 (A) be given by

ζ̃
(n)
A (u) := [ev(0,n)

A (u)]alg − [ev(1,n)
A (u)]alg + ThA

(
1
n

∆̃A(u)
)
,

where the 1
n term is used as we have earlier chosen our trace extensions to be non-normalised

and the evaluation maps are normalised. Note ζ̃(n)
A is well defined as each constituent is well

defined on K
alg
1 (A). By Proposition 5.9 and the definition of ev(1,n)

A , the canonical surjection
̸ aA : Kalg

1 → K1(A) applied to ζ̃(n)
A kills the last two terms, thus

̸ aA(ζ̃(n)
A (u)) =

[
ev(0,n)
A

]
1
.

Recall K0(A;Zn) := K1(In(A)) and the Bockstein operation ν
(n)
0,A : K0(A;Zn) → K1(A) was

defined as the induced map K1

(
ev(0,n)
A

)
therefore

̸ aA(ζ̃(n)
A (u)) = ν

(n)
0,A([u]1).

The reason we defined ζ̃
(n)
A is they induce the group homomorphisms ζ(n)

A we want.

Proposition 6.1 ( [CGS+23](3.1)). Let A be unital C∗-algebra and let n ≥ 2. Then the map
ζ̃

(n)
A : U∞(In(A)†) → K

alg
1 (A) induce a group homomorphism ζ

(n)
A : K0(A;Zn) → K

alg
1 (A).

Further this is natural in A and ν(n)
0,A = ̸ aA ◦ ζ(n)

A .
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Proof. We show ζ̃
(n)
A is a group homomorphism. Let u, v ∈ U∞(In(A)†), and recall both ∆̃A and

ThA are group homomorphisms,

ζ̃
(n)
A (uv) = [ev(0,n)

A (uv)]alg − [ev(1,n)
A (uv)]alg + ThA

(
1
n

∆̃A(uv)
)

= [u(0)v(0)]alg − [u(1)v(1)]alg + ThA
(

1
n

∆̃A(u)
)

+ ThA
(

1
n

∆̃A(v)
)

= ζ̃
(n)
A (u) + ζ̃

(n)
A (v).

We show ζ̃
(n)
A induces a group homomorphism on K0(A;Zn) hence we show ζ̃

(n)
A vanishes on

U
(0)
∞ (In(A)†). By Proposition 2.1.6 in [RLL00] for any u ∈ U

(0)
∞ (In(A)†) we find k,m ∈ N and

a1, a2, ...am ∈ Mk(In(A))†
sa such that

u = eia1eia2 · ... · eiam .

Since ζ̃(n)
A is a homomorphism it is enough to check that ζ̃(n)

A (e2πia) vanishes for one
a ∈ Mk(In(A))†

sa. Let τ ∈ T (A) by Proposition 5.9 (ii)

1
n

∆̃A(e2πia)(τ) = 1
n
τnk(a(1) − a(0)) = τk(ev(1,n)

A (a) − ev(0,n)
A (a)),

where the factor 1
n disappears by our normalisation conventions. The calculation implies

1
n∆̃A(e2πia) and (ev(1,n)

A (a) − ev(0,n)
A )(a) induce the same affine function. Thus

ThA
(

1
n

∆̃A

(
e2πia)

)
=
[
e2πi(ev(1,n)

A
(a)−ev(0,n)

A
(a)
]

alg

=
[
e2πiev(1,n)

A
(a)
]

alg
−
[
e2πiev(0,n)

A
(a)
]

alg

= [ev(1,n)
A (e2πia)]alg − [ev(0,n)

A (e2πia)]alg.

Hence
ζ̃

(n)
A (e2πia) = [ev(0,n)

A (e2πia))]alg − [ev(1,n)
A (e2πia))]alg + ThA

(
1
n

∆̃(u)
)

= 0.

We show naturality of ζ(n)
A . Note it suffices to check naturality of each constituent, ev(0,n)

A , ev(1,n)
A ,

and ThA
(

1
n∆̃(u)

)
. We show the evaluations are natural Let A, B be unital C∗-algebras,

φ : A → B a unital ∗-homomorphism, and i ∈ {0, 1}, consider the diagram

U∞(In(A)†) K
alg
1 (A)

U∞(In(B)†) K
alg
1 (B).

ev(i,n)
A

K
alg
1 (φ)

ev(i,n)
B

In(φ)

Let u ∈ U∞(In(A)†),

K
alg
1 (φ)([ev(i,n)

A (u)]alg) = [φ(u(i))]alg = [ev(i,n)
B (φ ◦ u)]alg = [ev(i,n)

B (In(φ)(u))]alg.
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We show naturality of Th−
(

1
n∆̃−

)
. Consider the diagram

U∞(In(A)†) AffT (A) K
alg
1 (A)

U∞(In(B)†) AffT (B) K
alg
1 (B).

In(φ) Aff(T (φ)) K
alg
1 (φ)

1
n ∆̃A ThA

ThB1
n ∆̃B

We show the left square commutes. For τ ∈ T (B) we get Aff(T (φ))(f)(τ) = f(τ ◦ φ), then as φ
is a ∗-homomorphism

Aff(T (φ))
(

1
n

∆̃A(u)
)

(τ) = 1
n

∆̃A(u)(τ ◦ φ)

= 1
2nπi

∫ 1

0
(τ ◦ φ)n

((
d

dt
u(t)

)
u∗(t)

)
dt

= 1
2nπi

∫ 1

0
τn

(
φ

(
d

dt
u(t)

)
φ(u∗(t))

)
dt

= 1
2nπi

∫ 1

0
τn

((
d

dt
φ(u(t))

)
φ(u(t))∗

)
dt

= 1
n

∆̃B(φ(u))(τ).

We show the right square commutes. By Proposition 3.21 we can find a ∈ Asa such that f = â,
then Aff(T (φ))(f)(τ) = â(τ ◦ φ) = (τ ◦ φ)(a). Thus ThB(Aff(T (φ))(â)) = [e2πiφ(a)]alg and

[e2πiφ(a)]alg = [φ(e2πia)]alg = K
alg
1 (φ)([e2πia]alg) = K

alg
1 (φ)(ThA(â)),

by functional calculus. Lastly ̸ aA(ζ(n)
A (u)) = ν

(n)
0,A([u1]) by the same arguments as above.

We now show how ζ
(n)
A fits into the other diagrams we have looked at so far.

Proposition 6.2 ( [CGS+23](3.2)). Let A be a unital C∗-algebra and let m,n ∈ N and m,n ≥ 2.
Then

K0(A) K0(A;Zn) K1(A)

AffT (A) K
alg
1 (A) K1(A).

1
nρA

ThA ̸ aA

ζ
(n)
A

µ
(n)
0,A

ν
(n)
0,A

and

K0(A;Znm) K0(A;Zn) K0(A;Znm)

K
alg
1 (A)

ζ
(n)
A

κ
(n,nm)
0,A

mζ
(nm)
A

κ
(nm,n)
0,A

ζ
(nm)
A

commutes.
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Proof. We show

K0(A) K0(A;Zn) K1(A)

AffT (A) K
alg
1 (A) K1(A).

1
nρA

ThA ̸ aA

ζ
(n)
A

µ
(n)
0,A

ν
(n)
0,A

commutes. We show the left square commutes. By Bott periodicity we may view K0(A) as
K1(C0((0, 1), A)), hence the Bockstein operation µ

(n)
0,A is the induced inclusion of

ι : C0((0, 1),Mn(A)) → In(A) on K1. So for u ∈ U∞(C0((0, 1), A))†, viewing u as a path,
u(0) = u(1) = U(C), and µ

(n)
0,A([u]1) = [u]0,n ∈ K0(A;Zn), hence

ζ
(n)
A (µ(n)

0,A([u]1)) = ζ̃
(n)
A ([u]1).

By Proposition 5.9 (iii) ∆̃A(u) = ρA([u]1), and since ev(0,n)
A (u) = ev(1,n)

A (u),

ζ̃
(n)
A (u) = ThA

(
1
n
ρA([u]1)

)
.

The right square commutes by Proposition 6.1. We show

K0(A;Znm) K0(A;Zn) K0(A;Znm)

K
alg
1 (A)

ζ
(n)
A

κ
(n,nm)
0,A

mζ
(nm)
A

κ
(nm,n)
0,A

ζ
(nm)
A

commutes. We start with the left triangle. For f ∈ In(Mm(A))

f(0) = A ⊗ 1Mn
, f(1) = (α⊗ 1Mm

) ⊗ 1Mn
,

where A ∈ Mm(A), and α ∈ C and for g ∈ Inm(A)

g(0) = a⊗ 1Mnm
, g(1) = β ⊗ 1Mnm

,

where a ∈ A and β ∈ C. So f(0) = g(0) if A = a ⊗ 1Mm
and f(1) = g(1) if α = β. Recall that

κ
(n,nm)
A is the induced map of the inclusion, Inm(A) ↪→ In(Mm(A)), thus for u ∈ Uk(Inm(A)†)
κ

(n,nm)
A ([u]1) satisfies that the endpoints are preserved. By our normalisation conventions

ζ
(n)
A

(
κ

(n,nm)
A ([u]1)

)
= [ev(0,n)

Mm(A)(u)]alg − [ev(1,n)
Mm(A)(u)]alg + ThA

(
1
n

∆̃A(u)
)

= [ev(0,nm)
A (u) ⊗ 1Mm(A)]alg − [ev(1,nm)

A (u) ⊗ 1Mm(A)]alg + ThA
(

1
n

∆̃A(u)
)

= m

(
[ev(0,nm)

A (u)]alg − [ev(1,nm)
A (u)]alg + ThA

(
1
nm

∆̃A(u)
))

= mζ
(nm)
A ([u]1).

We show the right triangle commutes. For i ∈ {0, 1}, u ∈ U∞(In(A)) and the inclusion
ι : In(A) → Inm(A), ev(i,nm)

A (ι(u)) = ev(i,n)
A (u). Further as we work with non-normalised traces
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∆̃A(u ⊗ 1Mm
) = m∆̃(u). Combining the above fact with κ

(nm,n)
A being the induced map of the

inclusion,
(
ζ

(nm)
A ◦ κ(nm,n)

A

)
([u]1) = [ev(0,nm)

A (ι(u))]alg − [ev(1,nm)
A (ι(u))]alg + ThA

(
1
nm

∆̃A(u⊗ 1Mm
)
)

= [ev(0,n)
A (u)]alg − [ev(1,nm)

A (u)]alg + ThA
(

1
n

∆̃A(u)
)

= ζ
(n)
A ([u]1).

We have now defined all the ingredients of the total invariant, and are ready to define and work
with it.

6.2 The total invariant
After the hard work of the previous sections we are finally ready to define the total invariant for
a unital C∗-algebra.

Definition 6.3 ( [CGS+23](3.5)). Let A be a unital C∗-algebra. The total invariant of A,
denoted KTu(A) is

KTu(A) := (K(A), [1A]0,AffT (A),Kalg
1 (A), ρA,ThA, ̸ aA, (ζ(n)

A )n≥2),

where AffT (A) = 0 if T (A) = ∅ by convention.

A KTu morphism is a triple (α, γ, β) : KTu(A) → KTu(B) where

• α ∈ HomΛ(K(A),K(B)) such that α0([1A]0) = [1B ]0,

• γ : AffT (A) → AffT (B) is a positive linear map,

• β : Kalg
1 (A) → K

alg
1 (B) is a group homomorphism,

Where the morphisms satisfy

K0(A) AffT (A) K
alg
1 (A) K1(A)

K0(B) AffT (B) K
alg
1 (B) K1(B)

α0 γ

ρA

ρB

ThA ̸ aA

ThB ̸ aB

β α1

and

K0(A;Zn) K
alg
1 (A)

K0(B;Zn) K
alg
1 (B)

ζ
(n)
A

β

ζ
(n)
B

α
(n)
0

commute for all n ≥ 2.

Unital ∗-homomorphisms actually gives rise to KTu morphisms, in the obvious way, and thus
KTu is a functor.
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Proposition 6.4. Let A,B be unital C∗-algebras and φ : A → B be a unital ∗-homomorphism.
Then

KTu(φ) := (K(φ),Kalg
1 (φ),Aff(T (φ))) : KTu(A) → KTu(B).

is a KTu morphism.

Proof. We show

K0(A) AffT (A) K
alg
1 (A) K1(A)

K0(B) AffT (B) K
alg
1 (B) K1(B)

K0(φ) Aff(T (φ))

ρA

ρB

ThA ̸ aA

ThB ̸ aB

K
alg
1 (φ) K1(φ)

commutes. First the left square. Let p, q ∈ Pn(A),

Aff(T (φ))(ρA([p]0 − [q]0))(τ) = (p̂n − q̂n)(τ ◦ φ)
= (τ ◦ φ)n(p− q)
= τn(φ(p) − φ(q))
= ρB([φ(p)]0 − [φ(q)]0)(τ)
= ρB(K0(φ)([p]0 − [q]0))(τ).

In the proof of Proposition 6.1 we see the central square commutes. To see the right square
commute let u ∈ U∞(A)

K1(φ)(̸aA([u]alg)) = K1(φ)([u]1) = [φ(u)]1 = ̸ aB([φ(u)]alg) = ̸ aB(Kalg
1 (φ)([u]alg)).

The diagram

K0(A;Zn) K
alg
1 (A)

K0(B;Zn) K
alg
1 (B)

ζ
(n)
A

K
alg
1 (φ)

ζ
(n)
B

K
(n)
0 (φ)

commutes by naturality of ζ(n).

We now move away from C∗-algebra land, and into the land of abstract nonsense, (category
theory), where we will study the total invariant.

7 Splitting the total invariant
This section will be devoted to introducing the categories KT u-�y� and KTu-�y� representing
an abstractification of the functors introduced in the previous sections. We will also show a
splitting-esque result for an object of KTu-�y�.
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7.1 Λ-Systems
In this subsection we will introduce the notion of a Λ-system and note that total K-theory is an
example of this.

Definition 7.1. A Λ-system, G is a family of abelian groups and structure maps, more precisely

G = ((Gj , Gj,n, µjn, νjn)j=0,1,n≥2(κjn,m, κjm,n)j=0,1,n|m),

where Gj are abelian groups, Gj,n are Zn modules, and µjn, ν
j
n, κ

j
n,m, κ

j
m,n are group homomor-

phisms such that

G0 G0 G0,n

G1,n G1 G1

×n µ0
n

ν0
n

×nµ1
n

ν1
n

is a chain complex, and the diagram

0 Gj/nGj Gj,n G1−j [n] 0

0 Gj/mGj Gj,m G1−j [m] 0

µj
n νj

n

ι1−j
m,n× m

n

µj
m νj

m

πj
n,m κj

m,nκj
n,m

× m
n

commutes for j = 0, 1, n|m. Where G[n] := {g ∈ G | ng = 0}, µjn, νjn are the induced ho-
momorphisms, i.e µjn = µjn ◦ πjn and νjn = ι1−j

n ◦ νjn, where πjn : Gj → Gj/nGj is the pro-
jection and ι1−j

n : G1−j [n] → G1−j is the inclusion. Lastly we demand the rows are chains,
i.e for all νjn ◦ µjn = 0, n,m > 2. We say a Λ-system is exact if the chain complex above
is exact, note that this implies the rows in the commuting diagram becomes short exact se-
quences. Sometimes we will abuse notation, and only write G and not the entire tuple, by
which we will mean a Λ-system as described above if not otherwise stated. A Λ-morphism,
α : G → H = ((Hj , Hj,n, σ

j
n, φ

j
n)j=0,1,n≥2(ψjn,m, ψjm,n)j=0,1,n|m), is a family of group homomor-

phisms
α = (αj , αjn)j=0,1,n≥2

where αj : Gj → Hj and αjn : Gj,n → Hj,n satisfies that the diagrams

Gj Hj

Gj,n Hj,n

αj

µj
n σj

n

αj
n

Gj,n Hj,n

G1−j H1−j

αj
n

νj
n φj

n

α1−j

Gj,n Gj,m Gj,n

Hj,n Hj,m Hj,n

αj
n αj

m αj
n

κj
m,n κj

n,m

ψj
m,n ψj

n,m

commutes. A Λ-isomorphism is a Λ-morphism where αj and αjn are group isomorphisms for
j ∈ {0, 1} and n ≥ 2. Λ-systems form a category which we will denote Λ-�y�.
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Having seen this definition lets see some examples of exact Λ systems.

Example 7.2. Let A be a C∗-algebra, then the total K-theory K(A) is an exact Λ-system. This
can be seen from the preliminaries section.

The next example will later be shown to be enough to describe all exact Λ-systems.

Example 7.3. Let G0, G1 be any pair of abelian groups. They induce the exact Λ-system
Λ(G0, G1) by defining for n ≥ 2

Gj,n = (Gj/nGj) ⊕G1−j [n],

and the group homomorphisms

µjn : Gj → Gj,n, x 7→ ([x], 0),
νjn : Gj,n → G1−j ([x], y) 7→ y,

and whenever n|m

κjm,n : Gj,n → Gj,m, ([x], y) 7→
([m

n
x
]
, y
)
,

κjn,m : Gj,m → Gj,n, ([x], y) 7→
(

[x], m
n
y
)
.

We call this the trivial Λ-system. Moreover given any morphism (α0, α1) : G0 ×G1 → H0 ×H1,
we can induce a Λ-morphism Λ(α0, α1) = (αj , αjn)j=0,1,n≥2 : Λ(G0, G1) → Λ(H0, H1), where
αj = αj and αjn is given by

αjn([x], y) = (αjn([x]), α̃1−j
n (y)),

where αjn and α̃1−j
n are the induced morphisms on Gj/nGj and G1−j [n] respectively. Hence Λ

is a functor Λ : Ab × Ab → Λ-�y�.

Proof. We show the 6-term sequence

G0 G0 G0/nG0 ⊕G1[n]

G1/nG1 ⊕G0[n] G1 G1,

ν1
n ν0

n

×n µ0
n

µ1
n

×n

is exact. We show exactness at Gj,n, note

ker(νjn) = {([x], 0) ∈ Gj,n | [x] ∈ Gj/nGj} = µjn(Gj).

We show exactness at the top left and bottom right corners. Observe

ker(×n) = Gj [n] = νjn(Gj/nGj ⊕G1−j [n]).

Lastly we show exactness at the middle groups. Notice

ker(µjn) = nGj .

We show the diagram

0 Gj/nGj Gj/nGj ⊕Gj [n] Gj [n] 0

0 Gj/mGj Gj/mGj ⊕Gj [m] Gj [m] 0,

×1

µj
n νj

n

κj
m,n

µj
m νj

m

× m
n×1 κj

n,m × m
n
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commutes. Note for all n ≥ 2 the induced maps are given by µjn([x]) = ([x], 0) and νjn([x], y) = y.
We show the left square commute:

(
µjm ◦ ×m

n

)
([x]) =

([m
n
x
]
, 0
)

= κjm,n ◦ µjn([x]),

κjn,m ◦ µjm([x]) = ([x], 0) = µjn([x]).

The right square

νjm ◦ κjm,n([x], y) = y = ×1 ◦ νjn
νjn ◦ κjn,m([x], y) = m

n
y = ×m

n
◦ νjm([x], y).

We show Λ(α0, α1) is a Λ-morphism. First the diagrams

Gj Hj

Gj/nGj ⊕G1−j [n] Hj/nHj ⊕H1−j [n]

αj

µj
n σj

n

αj
n

Gj/nGj ⊕G1−j [n] Hj/nHj ⊕H1−j [n]

G1−j H1−j

αj
n

νj
n φj

n

α1−j
n

commutes by definition of αjn. We show

Gj/nGj ⊕G1−j [n] Hj/nHj ⊕H1−j [n]

Gj/mGj ⊕G1−j [m] Hj/mHj ⊕H1−j [m],
κ

Gj
m,n κ

Hj
m,n

αj
n

αj
m

commutes. Observe

κHj
m,n ◦ αjn([x]Gj/nGj

, y) =
(

×m

n
αjn([x]Gj/nGj

), α̃1−j
n (y)

)

=
(

×m

n
[αj(x)]Hj/nHj

, α̃1−j
n (y)

)

=
([
αj
(m
n
x
)]

Hj/mHj

, α̃1−j
n (y)

)

=
(
αjm

([m
n
x
]
Gj/mGj

)
, α̃1−j

n (y)
)
.

Further α̃1−j
n (y) = α̃1−j

m (y) indeed for the diagram

Gj Hj

Gj [n] Hj [n]

Gj [m] Hj [m]

ι
Gj
n ι

Hj
n

αj

α̃j
n

ι
Gj
m,n ι

Hj
m,n

αj
m

ι
Hj
mι

Gj
m

40 of 72



Department of Computer Science and Mathematics University of Southern Denmark

all but the bottom square commutes. Hence

ιHj
m ◦ ιHj

m,n ◦ α̃jn = ιHj ◦ α̃jn = αj ◦ ιn = αj ◦ ιGj
m ◦ ιGj

m,n = ιHj
m ◦ α̃jm ◦ ιGj

m,n.

By injectivity of ιHj
m , the bottom square commutes. Continuing our computation

(
αjm

([m
n
x
]
Gj/mGj

)
, α̃1−j

n (y)
)

=
(
αjm

([m
n
x
]
Gj/mGj

)
, α̃1−j

m (y)
)

= αjm ◦ κGj
m,n([x], y).

We show the diagram

Gj/mGj ⊕G1−j [m] Hj/mHj ⊕H1−j [m]

Gj/nGj ⊕G1−j [n] Hj/nHj ⊕H1−j [n],

αj
m

κ
Gj
n,m κ

Hj
n,m

αj
n

commutes.

κHj
n,m ◦ αjm([x]Gj/mGj

, y) =
(
αjm([x]Gj/mGj

), α̃1−j
m

(m
n
y
))

,

αjn ◦ κGj
n,m([x]Gj/mGj

, y) =
(
αjn([x]Gj/nGj

), α̃1−j
n

(m
n
y
))

.

As ×1 : Gj/mGj → Gj/nGj is well defined αjm([x]Gj/mGj
) = αjn([x]Gj/nGj

) and our previous
calculations shows that α̃1−j

m

(
m
n y
)

= α̃1−j
n

(
m
n y
)
, hence the diagram commutes.

The next result is due to Bödigheimer in [Bö79], [Bö80] where he proved it whenever n,m are
powers of the same prime. Using the Chinese remainder theorem this can be extended to general
n,m, for our purpose it suffices to show this when n divides m or m divides n, a the proof of this
extension can be found in appendix A.3 of [CGS+23]. Further the result has been reformulated
in terms of Λ-systems and we will only state the result, as after this statement we will prove a
reformulation.

Proposition 7.4 ( [Bö79], [Bö80], [CGS+23]). Let G be an exact Λ-system. Then for j ∈ {0, 1}
and n ≥ 2 there are (unnaturally chosen) homomorphisms

sjn : G1−j [n] → Gj,n,

such that

1. sjn ◦ νjn = idG1−j [n].

2. sjm ◦ ι1−j
m,n = κm,n ◦ sjn for all n,m ≥ 2 and n | m or m | n.

3. κjn,m ◦ sm = sn ◦ ×m
n for all n,m ≥ 2 and n | m or m | n.

Before we can state the reformulation of Bödigheimer, we first specify what the forgetful functor
is.

Remark 7.5. The forgetful functor FΛ : Λ-�y� → Ab × Ab is given on objects by FΛ(G) = (G0, G1)
and on morphisms by FΛ(α) = (α0, α1).

Now for the reformulation of Bödigheimer.
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Theorem 7.6 (Bödigheimer). Every exact Λ-system G is (unnaturally) isomorphic to the trivial
Λ-system of FΛ(G), Λ(FΛ(G)).

Proof. Fix the homomorphisms sjn from Proposition 7.4, and define for j ∈ {0, 1} and n ≥ 2 the
homomorphisms φj,n : (Gj/nGj) ⊕G1−j [n] → Gj,n by

φj,n([x], y) = µjn(x) + sjn(y).

We show (idGj
, φj,n)j∈{0,1},n≥2 is a Λ-morphism. For the rest of the proof denote by

π1
j,n : Gj → Gj/nGj ⊕G1−j [n] the homomorphism π1

j,n(x) = ([x], 0) and
ι2j,n : Gj/nGj ⊕G1−j [n] → G1−j [n] the homomorphism ι2j,n([x], y) = y. The diagram

Gj Gj

Gj/nGj ⊕G1−j [n] Gj,n,

π1
j,n

φ
j ,n

µj
n

commutes since
φj,n ◦ π1

j,n(x) = φj,n([x], 0) = µjn(x).

Next diagram
Gj/nGj ⊕G1−j [n] Gj,n

Gj−1 Gj−1,

φ
j ,n

ι2j,n νj
n

commutes as
νjn ◦ φj,n([x], y) = νjn(µ(x))︸ ︷︷ ︸

=0

+νjn(sjn(y)) = y = ι2j,n([x], y).

We show the diagram

Gj/nGj ⊕G1−j [n] Gj/mGj ⊕G1−j [m] Gj/nGj ⊕G1−j [n]

Gj,n Gj,m Gj,n,

Kj
m,n Kj

n,m

φj,n φj,m φj,n

κj
m,n κj

n,m

commutes. Start with the left square, by Proposition 7.4

κjm,n ◦ φj,n([x], y) = κjm,n ◦ µjn(x) + κjm,n ◦ sn(y)
= κjm,n ◦ µjn([x]) + sm ◦ ι1−j

m,n(y)

= µjm ◦ ×m

n
([x]) + sm(y)

= µjm

(m
n
x
)

+ sm(y)

= φj,m(Kj
m,n([x], y)).
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Next the right square, again using Proposition 7.4,

κjn,m ◦ φj,m([x], y) = κjn,m ◦ µjm(x) + κjn,m ◦ sjm(y)

= κjn,m ◦ µjm([x]) + sn ◦ ×m

n
(y)

= µjn([x]) + sn ◦ ×m

n
(y)

= φj,n(Kj
n,m([x], y)).

We show (φj,n)j∈{0,1},n≥2 are group isomorphisms, which implies (idGj , φj,n)j∈{0,1},n≥2 is a Λ-
isomorphism. Consider the diagram

0 Gj/nGj Gj/nGj ⊕G1−j [n] G1−j [n] 0

0 Gj/nGj Gj,n G1−j [n] 0

π1
j,n ι2j,n

φj,n

µj
n νj

n

As π1
j,n([x]) = ([x], 0) and ι2j,n([x], y) = y our calculation above shows φj,n makes the diagram

commute, hence φj,n is a group isomorphism by the the 5-lemma.

Remark:
For the rest of the thesis whenever we say something follows from Bödigheimer it will be with
Theorem 7.6 in mind, unless stated otherwise.

We see we can apply Bödigheimer to total K-theory, which would tell us, the total K-theory of
a C∗-algebra is determined by it’s K-theory.

Corollary 7.7. Let A be a C∗-algebra, then there is an unnatural isomorphism

K(A) ∼= Λ(K0(A),K1(A)).

Proof. By Example 7.2 K(A) is an exact Λ-system and FΛ(K(A)) = (K0(A),K1(A)). Applying
Bödigheimer (7.6) we get the desired isomorphism.

We now look at bit closer at the forgetful functor FΛ.

Definition 7.8. Let G and H be Λ-systems, the forgetful functor FΛ induces a homomorphism

F̃Λ : HomΛ(G,H) → Hom(FΛ(G), FΛ(H)).

Let N (G,H) denote the kernel of this homomorphism.

Bödigheimer also tells us more about this situation.

Corollary 7.9. Let G and H be exact Λ-systems, then the sequence

0 NΛ(G,H) HomΛ(G,H) Hom(FΛ(G), FΛ(H)) 0,ιΛ F̃Λ

is split exact (unnaturally).
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Proof. As ιΛ is the inclusion we get exactness at NΛ(G,H) and
ιΛ(NΛ(G,H)) = NΛ(G,H) =: ker(F̃Λ) showing exactness at HomΛ(G,H). Surjectivity of F̃Λ
follows from Bödigheimer, indeed let ΦG : Λ(FΛ(G)) → G and ΦH : Λ(FΛ(H)) → H be the
isomorphisms from Bödigheimer, 7.6. Let (α0, α1) : FΛ(G) → FΛ(H) be a homomorphism then
ΦH ◦ Λ(α0, α1) ◦ Φ−1

G defines a Λ-morphism from G to H, moreover

F̃Λ(ΦH ◦ Λ(α0, α1) ◦ Φ−1
G ) = F̃Λ(ΦH) ◦ F̃Λ(Λ(α0, α1)) ◦ F̃Λ(Φ−1

G ) = (α0, α1).

Lastly let Ψ : Hom(FΛ(G), FΛ(H)) → HomΛ(G,H) be given by

Ψ(α0, α1) = ΦH ◦ Λ(α0, α1) ◦ Φ−1
G .

By the above calculation F̃Λ ◦ Ψ = idHom(FΛ(G),FΛ(H)).

The last result of this subsection will be to describe N (G,H) precisely.

Proposition 7.10. Let G and H be exact Λ-systems, then there is a natural bijection between
N (G,H) and the set of families of maps

(φj,n : G1−j [n] → Hj/nHj)j=0,1,n≥2

such that all the diagrams of the following form commutes for n|m,

G1−j [n] G1−j [m] G1−j [n]

Hj/nHj Hj/mHj Hj/nHj .

φj,n

ι
G1−j
m,n

φj,m

× m
n

× n
m

π
Hj
n,m

φj,n

We will denote this family D(G,H).

Proof. Define a map ΦG,H : D(G,H) → N (G,H) by

Φ((φj,n)j=0,1,n≥2) = (0, µHj
n ◦ φj,n ◦ νGj

n )j=0,1,n≥2.

We show ΦG,H is well defined, that is we show (0, µHj
n ◦φj,n ◦νGj

n )j=0,1,n≥2 is a Λ-morphism. We
show

Gj Hj

Gj,n Hj,n

0

µ
Gj
n µ

Hj
n

µ
Hj
n ◦φj,n◦νGj

n

commutes. Observe

µHj
n ◦ φj,n ◦ νGj

n ◦ µGj
n = µHj

n ◦ φj,n ◦ νGj
n ◦ µGj

n︸ ︷︷ ︸
=0

◦πjn = 0.

Next

Gj,n Hj,n

G1−j H1−j ,

µ
Hj
n ◦φj,n◦νGj

n

ν
Gj
n ν

Hj
n

0
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commutes, as
νHj
n ◦ µHj

n ◦ φj,n ◦ νGj
n = ι1−j

n ◦ νHj
n ◦ µHj

n︸ ︷︷ ︸
=0

◦φj,n ◦ νGj
n = 0.

We show

Gj,n Gj,m Gj,n

Hj,n Hj,m Hj,n,

µ
Hj
n ◦φj,n◦νGj

n µ
Hj
m ◦φj,m◦νGj

m µ
Hj
n ◦φj,n◦νGj

n

κ
Gj
m,n κ

Gj
n,m

κ
Hj
m,n κ

Hj
n,m

commutes. We start with the left square, as G and H are Λ-systems

κHj
m,n ◦ µHj

n ◦ φj,n ◦ νGj
n = µHj

m ◦ ×m

n
◦ φj,m ◦ νGj

n

= µHj
m ◦ φj,m ◦ ιGj

m,n ◦ νGj
n

= µHj
m ◦ φj,m ◦ νGj

m ◦ κGj
m,n.

Next the right square,

κHj
n,m ◦ µHj

m ◦ φj,m ◦ νGj
m = µHj

n ◦ πHj
n,m ◦ φj,m ◦ νG1−j

m

= µHj
n ◦ φj,n ◦ ×m

n
◦ νGj

m

= µHj
n ◦ φj,n ◦ νGj

n ◦ κGj
n,m.

We show that ΦG,H is injective. Let (φj,n)j=0,1,n≥2, (ψj,n)j=0,1,n≥2 ∈ D(G,H), and assume

ΦG,H((φj,n)j=0,1,n≥2) = ΦG,H((ψj,n)j=0,1,n≥2)

or equivalently for j ∈ {0, 1} and for all n ≥ 2,

µHj
n ◦ φj,n ◦ νGj

n = µHj
n ◦ ψj,n ◦ νGj

n .

Since µHj
n is injective and ν

Gj
n is surjective for j ∈ {0, 1} and for all n ≥ 2

φj,n = ψj,n.

We show ΦG,H is surjective. Let f = (0, αjn) be an element of N (G,H), hence the diagram with
exact rows

0 Gj/nGj Gj,n G1−j [n] 0

0 Hj/nHj Hj,n H1−j [n] 0,

µ
Gj
n ν

Gj
n

µ
Hj
n ν

Hj
n

0 0αj
n

commutes. We wish to construct a family of maps ∆j,n : G1−j [n] → Hj/nHj such that
∆j,n ∈ D(G,H) and Φ((∆j,n)j=0,1,n≥2) = (0, αjn). As νGj

n is surjective, for x′ ∈ G1−j [n] pick
some x ∈ Gj,n such that νGj

n (x) = x′, as the diagram commutes

νHj
n (αjn) = 0.
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So Im(αjn) ⊆ ker
(
ν
Hj
n

)
= Im

(
µ
Hj
n

)
, hence there exists [h]n ∈ Hj/nHj such that

µ
Hj
n ([h]n) = αjn(x). Define ∆j,n : G1−j [n] → Hj/nHj by ∆(x′) = [h]n and by construction
αjn = µ

Hj
n ◦ ∆j,n ◦ νGj

n , hence if ∆j,n ∈ D(G,H) then ΦG,H is surjective. We show the diagram

G1−j [n] G1−j [m] G1−j [n]

Hj/nHj Hj/mHj Hj/nHj

ι
G1−j
m,n × m

n

× m
n π

Hj
n,m

∆j,n ∆j,n∆j,m

commutes. First show the left square commutes. Since (0, αjn)j=0,1,n≥2 is a Λ-morphism

µHj
m ◦ ×m

n
◦ ∆j,n ◦ νGj

n = κHj
m,n ◦ µjn ◦ ∆j,n ◦ νGj

n

= κHj
m,n ◦ αjn

= αjm ◦ κGj
m,n

= µjm ◦ ∆j,m ◦ νGj
m ◦ κGj

m,n

= µjm ◦ ∆j,m ◦ ιG1−j
m,n ◦ νGj

n .

Again using that µjm is injective and νjn is surjective ×m
n ◦ ∆j,n = ∆j,m ◦ ιGj

m,n. We show the
right square commutes, again as (0, αjn)j=0,1,n≥2 is a Λ-morphism

µHj
n ◦ ∆j,n ◦ ×m

n
◦ νGj

m = µHj
n ◦ ∆j,n ◦ νGj

n ◦ κGj
n,m

= αjn ◦ κGj
n,m

= κHj
n,m ◦ αjm

= κHj
n,m ◦ µHj

m ◦ ∆j,m ◦ νGj
m

= µHj
n ◦ πHj

n,m ◦ ∆j,m ◦ νGj
m ,

and as µHj
n is injective and ν

Gj
m is surjective ∆j,n ◦ ×m

n = π
Hj
n,m ◦ ∆j,m. The last thing to show

is naturality. Note given a Λ-morphism (βj , βjn)j=0,1,n≥2 = ΛG : G1 → G2 we get induced
morphisms

ΛG : D(G2,H) → D(G1,H), Λ̃G : N (G2,H) → N (G1,H),
given by

ΛG((φj,n)j=0,1,n≥2) = (φj,n ◦ β̃1−j)j=0,1,n≥2, and Λ̃G((0, αjn)j=0,1,n≥2) = (0, αjn ◦ βjn)j=0,1,n≥2.

Given a Λ-morphism (γj , γjn)j=0,1,n≥2 = ΛH : H1 → H2 we get induced morphisms

Λ̃H : D(G,H1) → D(G,H2) Λ̃H : N (G,H1) → N (G,H2)

given by

ΛH((φj,n)j=0,1,n≥2) = (γj ◦ φj,n)j=0,1,n≥2, and Λ̃H((0, αjn)j=0,1,n≥2) = (0, γjn ◦ αjn)j=0,1,n≥2.

Φ−,− is natural if

D(G2,H) D(G1,H)

N (G2,H) N (G1,H)

ΛG

Λ̃G

ΦG2,H ΦG1,H ,

D(G,H1) D(G,H2)

N (G,H1) N (G,H2)

ΛH

Λ̃H

ΦG,H1 ΦG,H2
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commutes. We show the left square commutes.

ΦG1,H(ΛG((φj,n)j=0,1,n≥2) = ΦG1,H((φj,n◦ β̃1−j)j=0,1,n≥2) = (0, µHj
n ◦φj,n◦ β̃1−j ◦νG

1
j

n )j=0,1,n≥2).

Then as (βj , βjn) is a Λ-morphism
ν
G1

j
n β1−j = βjnν

G2
j

n ,

which also holds for the induced map on the n-torsion subgroup, continuing our calculation

(0, µHj
n ◦ φj,n ◦ β̃1−j ◦ νG

1
j

n )j=0,1,n≥2) = (0, µHj
n ◦ φj,n ◦ νG

2
j

n ◦ βjn)j=0,1,n≥2)

= Λ̃G((0, µjn ◦ φj,n ◦ νG
2
j

n )j=0,1,n≥2)
= Λ̃G(ΦG2,H(φj,n)j=0,1,n≥2).

We show the right square commutes.

ΦG,H2(ΛH((φj,n)j=0,1,n≥2)) = ΦG,H2((γj ◦ φj,n)j=0,1,n≥2) = (0, µH
2
j

n ◦ γj ◦ φj,n ◦ νGj
n )j=0,1,n≥2.

As before we use that (γj , γjn)j=0,1,n≥2 is a Λ-morphism to get

µ
H2

j
n γj = γjnµ

H1
j

n ,

which also holds for the induced quotient maps, continuing

(0, µH
2
j

n ◦ γj ◦ φj,n ◦ νGj
n )j=0,1,n≥2 = (0, γjn ◦ µH

1
j

n ◦ φj,n ◦ νGj
n )j=0,1,n≥2

= Λ̃H(µH
1
j

n ◦ φj,n ◦ νGj
n )j=0,1,n≥2)

= Λ̃H(ΦG,H1).

7.2 KTu-Systems
In this section we will be inspired by the total invariant as well as the results in the previous
section, to attempt similar constructions for the total invariant. We start by abstractly defining
what would be the total invariant.

Definition 7.11. A KTu-system is an octuple

(G, g,X,D, ξ, υ, ψ, (ζn)n≥2),

where G = ((Gj , Gj,n, µjn, νjn)j=0,1,n≥2(κjn,m, κjm,n)j=0,1,n|m) is a Λ-system, g ∈ G0, X is an order
unit space, D is an abelian group, ξ : G0 → X is a group homomorphism such that ξ(g) = e the
order unit in X, and υ : X → D, ψ : D → G1, ζn : G0,n → D are all group homomorphisms,
making the diagram commute

G0 G0,n G1

X D G1

1
n ξ

µ0
n ν0

n

υ ψ

ζn
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for all n ≥ 2, the diagram

G0,m G0,n G0,m

D

m
n ζm

κ0
n,m κ0

m,n

ζn
ζm

commute for all n|m, and making the sequence

G0 X D G1 0ψυξ

a chain at D, G1 and satisfying ker(υ) ⊆ ξ(G0). We say a KTu-system is exact if G is an exact
Λ-system and the sequence is exact at D, G1 as well as ker(υ) = ξ(G0). A KTu-morphism is a
triple

(α, f, β) : (G, g,X,D, ξ, υ, ψ, (ζn)n≥2) → (H, h,X ′, D′, ξ′, υ′, ψ′, (ζ ′
n)n≥2),

where α = (αj , αjn)j=0,1,n≥2 is a Λ-morphism such that α0(g) = h, f : X → X ′ is a positive linear
map, and β : D → D′ is a group homomorphism, further the maps satisfies that the diagrams

G0 X D G1

H0 X ′ D′ H1

ξ υ ψ

α1

ψ′υ′ξ′

α0 f β

G0,n D

H0,n D′

α0
n

β

ζn

ζ′
n

commute for all n ≥ 2. A KTu-isomorphism is a KTu-morphism where α is a Λ-isomorphism,
f is an order isomorphism and β is a group isomorphism. The KTu-systems form a category,
which we will denote by KTu-�y�

As the name of the category suggests we have already seen an example of a KTu-system, namely
the total invariant of a unital C∗-algebra.

Example 7.12. Let A be a unital C∗-algebra, then it’s total invariant KTu(A) is indeed a
KTu-system.

We wish to show that the splits from Proposition 7.4 induces splits for our KTu-systems. To show
this we need to use direct limits of abelian groups. Therefore we must first take a small detour see
some result about direct limits of abelian groups. All results will be from the book(monograph)
Abelian Groups by László Fuchs.

Theorem 7.13 ( [Fuc60] 4.1). A directed system of abelian groups (Gi, πj,i)i,j∈I has a limit
(G = lim−→Gi, πi)i∈I , unique up to isomorphism, moreover

G =
⋃

i∈I
πi(Gi).

We are always interested in morphisms between the objects we study so lets see what homomor-
phisms are in this case.

Definition 7.14 ( [Fuc60] p. 58). Let (Ai, πj,i)i,j∈I and (Bi, ρj,i)i,j∈I be directed systems over
the same directed set I, then a homomorphism between the directed systems
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Φ : (Ai, πj,i)i,j∈I → (Bi, ρj,i)i,j∈I is a family of group homomorphisms (φi)i∈I , φi : Ai → Bi
such that the diagram

Ai Aj

Bi Bj

φj

ρj,i

πj,i

φi

commutes for all i ≤ j.

Using this we can always find a unique induced group homomorphism between lim−→Ai and lim−→Bi.

Proposition 7.15 ( [Fuc60] 4.5). Let (Ai, πj,i)i,j∈I and (Bi, ρj,i)i,j∈I be directed systems of
abelian groups over the same index set I, and Φ : (Ai, πi,j)i,j∈I → (Bi, ρj,i)i,j∈I be a homomor-
phism between them. Then there exists a unique group homomorphism Φ∗ : lim−→Ai → lim−→Bi
making the diagram

Ai lim−→Ai

Bi lim−→Bi

Φ∗

ρj,i

πj,i

φi

commute for all i ∈ I.

One neat property of direct limits of abelian groups, is that they preserve exact sequences.

Theorem 7.16 ( [Fuc60] 4.6). Let (Ai, πj,i)i,j∈I , (Bi, ρj,i)i,j∈I and (Ci, σj,i)i,j∈I be directed
systems of abelian groups over the same index set I and let Φ : (Ai, φji )i,j∈I → (Bi, ρj,i)i,j∈I and
Ψ : (Bi, ρj,i)i,j∈I → (Ci, σj,i)i,j∈I be homomorphisms of directed sets such that

0 Ai Bi Ci 0φi ψi

is exact for all i ∈ I. Then the sequence

0 lim−→Ai lim−→Bi lim−→Ci 0Φ∗ Ψ∗

is exact.

Coming back from our small detour we are now able to find our induced splittings in the KTu
setting.

Theorem 7.17. Let (G, g,X,D, ξ, υ, ψ, (ζn)n≥2) be an exact KTu-system, then there exists (un-
natural) splittings sD : G1 → D and σD : D → X/ξ(G0) making the diagram

0 G0/nG0 G0,n G1[n] 0

0 X/ξ(G0) D G1 0

µ0
n ν0

n

υ ψ

ι1n
1
n ξ ζn

s0
nσ0

n

sDσD

commute.

Proof. We construct a direct limit of the top row in the diagram. Consider the natural numbers
equipped with the partial order, ⪯, given by

n ⪯ m ⇐⇒ n | m,
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and construct the directed sets (G0/nG0,×m
n )m,n∈N, (G0,n, κ

0
m,n)m,n∈N, and (G1[n], ι1m,n)m,n∈N.

By Theorem 7.13 these groups has a direct limit, we will denote the direct limit of
(G0,n, κ

0
m,n)m,n∈N by (G, θn)n∈N. We compute the direct limit of (G0/nG0,×m

n )m,n∈N. Recall
G0/nG0 ∼= G0 ⊗ Zn and consider the map idG0 ⊗ × 1

n : G0 ⊗ Zn → G0 ⊗ Q/Z and observe
(

idG0 ⊗ × 1
m

)
◦
(

idG0 ⊗ ×m

n

)
= idG0 ⊗ × 1

n
,

hence by Theorem 7.13

lim−→(G0 ⊗ Zn) =
⋃

n∈N

(
idG0 ⊗ × 1

n

)
(G0 ⊗ Zn) =

⋃

n∈N
G0 ⊗ × 1

n
(Zn) = G0 ⊗ Q/Z.

We compute the direct limit of (G1[n], ι1m,n)m,n∈N. Note ιn : G1[n] → Tor(G1) satisfies

ιm ◦ ι1m,n = ιn,

again using Theorem 7.13

lim−→(G1[n]) =
⋃

n∈N
ιn(G1[n]) =

⋃

n∈N
G1[n] = Tor(G1).

By Theorem 7.16 the sequence

0 G0 ⊗ Q/Z G Tor(G1) 0µ0
∗ ν0

∗

is exact. We construct a right split of this sequence. Let x ∈ Tor(G1), then there exists an n ∈ N
such that x ∈ G1[n], define sG : Tor(G1) → G by

sG(x) = θn(s0
n(x)).

If there exists m ∈ N such that mx = 0 = nx then n | m or m | n first assume that n | m, then

sG(x) = θn(s0
n(x)) = θm(κ0

m,n(s0
n(x)) = θm(s0

m(ιm,n(x))) = θm(s0
m(x)).

m | n is completely analogous and so sG is well defined. Moreover

ν0
∗ ◦ sG(x) = ν0

∗(θn(s0
n(x)) = ιn(ν0

n(s0
n(x))) = ιn(x) = x,

hence sG is a right split and by construction it makes the diagram

0 G0/nG0 G0,n G1[n] 0

0 G0 ⊗ Q/Z G Tor(G1) 0

µ0
n ν0

n

s0
nσ0

n

µ0
∗

ν0
∗

idG0 ⊗× 1
n θn ιn

sG

commute. Apply the splitting lemma 2.7 to construct a commuting left split σG : G → G0 ⊗Q/Z.
To summarise sG, σG are splittings such that

0 G0/nG0 G0,n G1[n] 0

0 G0 ⊗ Q/Z G Tor(G1) 0,

µ0
n ν0

n

s0
nσ0

n

µ0
∗ ν0

∗

idG0 ⊗× 1
n θn ιn

sGσG
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commutes. Going back to our ζn maps, we have ζm ◦ κ0
m,n = ζn applying the universal property

of direct limits, yields a unique map ζ : G → D such that ζn = ζ ◦θn, and we expand our original
diagram into the diagram

0 G0/nG0 G0,n G1[n] 0

0 G0 ⊗ Q/Z G Tor(G1) 0

0 X/ξ(G0) D G1 0,

µ0
n

idG0 ⊗× 1
n

σ0
n

ν0
n

θn

s0
n

ιn

µ0
∗

ξ⊗1
σG

ν0
∗

ζ

sG

ιG1

υ ψ

which commutes. Unfortunately we cannot construct our desired splittings yet, we first have to
consider a new abelian group. Let E = ψ−1(Tor(G1)), ψE : E → Tor(G1) and
υE : X/ξ(G0) → E be the restriction and co-restriction to E respectively. We claim Im(ζ) ⊆ E,
indeed by commutativity

ψ(ζ(G)) = ιG1(ν0
∗(G)) = ιG1(Tor(G1)) = Tor(G1),

hence ζ(G) ⊆ ψ−1(Tor(G1)) =: E. We expand our diagram for the last time

0 G0/nG0 G0,n G1[n] 0

0 G0 ⊗ Q/Z G Tor(G1) 0

0 X/ξ(G0) E Tor(G1) 0

0 X/ξ(G0) D G1 0.

µ0
n

idG0 ⊗× 1
n

σ0
n

ν0
n

θn

s0
n

ιn

µ0
∗

ξ⊗1
σG

ν0
∗

ζ

sG

υE ψE

ιD ιG1

υ ψ

Note the diagram still commutes. Our strategy, will be to define splittings in the third row, and
then use the splitting lemma to induce splits in the last row. Let sE : Tor(G1) → E be given by
sE = ζ ◦ sG using commutativity

ψE ◦ sE = ψE ◦ ζ ◦ sG = ν0
∗ ◦ sG = idTor(G1).

Applying the splitting lemma 2.7 we construct σE : E → X/ξ(G0). As X/ξ(G0) injective,
indeed it is a real vector space so by Proposition 5.15 it is divisible. Hence there exists a map
σD : D → X/ξ(G0) such that the diagram

E D

X/ξ(G0)

ιD

σE σD

commutes. We show σD is a left split. By commutativity of our expanded diagram

σD ◦ υ = σD ◦ ιD ◦ υE = σE ◦ υE = idX/ξ(G0).

51 of 72



Department of Computer Science and Mathematics University of Southern Denmark

Applying the splitting lemma 2.7 for the last time, we construct sD : G1 → D, and so the
diagram

0 G0/nG0 G0,n G1[n] 0

0 G0 ⊗ Q/Z G Tor(G1) 0

0 X/ξ(G0) E Tor(G1) 0

0 X/ξ(G0) D G1 0

µ0
n

idG0 ⊗× 1
n

σ0
n

ν0
n

θn

s0
n

ιn

µ0
∗

ξ⊗1
σG

ν0
∗

ζ

sG

υE

σE

ψE

sE

ιG1

υ

σD

ψ

sD

commutes.

Having found induced splittings we will do as in the Λ-system case and consider what category
KTu could arise from.

Definition 7.18. A KT u-system is a quintuple (G0, g,G1, X, ρ) whereG0, G1 are abelian groups,
g ∈ G0, X is an order unit space, and ρ : G0 → X is a group homomorphism such that ρ(g) = e
the order unit in X. A KT u-morphism is a triple

(α0, α1, f) : (G0, g,G1, X, ρ) → (H0, h,H1, X
′, ρ′),

where αj : Gj → Hj are group homomorphisms, where α0(g) = h, and f : X → X ′ is a positive
linear map, such that the diagram

G0 X

H0 X ′

ρ

α0 f

ρ′

commutes. We say a KT u-morphism is a KT u-isomorphism if αj are both group isomorphisms
and f is an order isomorphism. This forms a category which we will denote by KT u-�y�.

We now see that our intuition is spot on, that is we can induce objects in KTu-�y� from KT u-�y�.

Proposition 7.19. Let (G0, g,G1, X, ρ) be a KT u-system. Then
(Λ(G0, G1), g,X,X/ρ(G0) ⊕G1, ρ, υ, ψ, (ζn)n≥2) where υ : X → X/ξ(G0) ⊕G1 is given by
υ(x) = ([x], 0), ψ : X/ξ(G0) ⊕G1 → G1 is given by ψ([x], y) = y and
ζn : G0/nG0 ⊕ G1[n] → X/ξ(G0) ⊕ G1 is given by ζn([x], y) =

([ 1
nρ(x)

]
, ι1n(y)

)
is an exact

KTu-system. We call this system the trivial system and denote it by T(G0, g,G1, X, ρ).

Proof. We showing the diagram

G0 G0/nG0 ⊕G1[n] G1

X X/ρ(G0) ⊕G1 G1,

µ0
n

1
nρ

ν0
n

ζn

υ

ψ
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commutes. First the left square:

ζn(µ0
n(x)) = ζn([x], 0) =

([
1
n
ρ(x)

]
, 0
)

= υ

(
1
n
ρ(x)

)
.

Now the right square:

ψ(ζn([x], y)) = ψ

([
1
n
ρ(x)

]
, ι1n(y)

)
= ι1n(y) = ν0

n(y).

We show the diagram

G0/mG0 ⊕G1[m] G0/nG0 ⊕G1[n] G0/mG0 ⊕G1[m]

X/ρ(G0) ⊕G1

κ0
n,m

m
n ζm

κ0
m,n

ζn
ζm

commutes. As is tradition by now we start with the left triangle:

ζn(κ0
n,m([x], y)) = ζn

(
[x], m

n
y
)

=
([

1
n
ρ(x)

]
,
m

n
y

)
= m

n

([
1
m
ρ(x)

]
, y

)
= m

n
ζm([x], y).

The right triangle:

ζm(κ0
m,n([x], y)) = ζm

([m
n
x
]
, y
)

=
([

1
m
ρ
(m
n
x
)]
, y

)
=
([

1
n
ρ(x)

]
, y

)
= ζn([x], y).

Last but not least we show that

G0 X X/ξ(G0) ⊕G1 G1 0ξ υ ψ

is exact at G1 and X/ξ(G0)⊕G1 as well as ker(υ) = ξ(G0). As ψ is the projection on the second
coordinate, it is surjective. Since υ(X) = (X/ξ(G0), 0) we get exactness at X/ξ(G0) ⊕ G1 and
ker(υ) is exactly ξ(G0).

We are now able to proof our Bödigheimer-esque result for KTu-systems.

Theorem 7.20. Let K = (G, g,X,D, ξ, υ, ψ, (ζn)n≥2) be an exact KTu-system. Then K is
unnaturally isomorphic to the trivial system T (FΛ(G), g,X, ξ).

Proof. The proof strategy will be to construct a KTu-morphism and then apply the 5-lemma to
see it is indeed an isomorphism. Recall Λ(FΛ(G)) ∼= G by Bödigheimer call this isomorphism α,
pick f to be the identity of X, and let β : X/ξ(G0) ⊕G1 → D be given by

β([x], y) = υ(x) + sD(y),

where sD : G1 → D is the induced split from Theorem 7.17. We show (α, idX , β) is a KTu-
morphism. As α0 = idG0 we have α0(g) = g. We show the diagram

G0 X X/ξ(G0) ⊕G1 G1

G0 X D G1

ξ υ′ ψ′

β

ξ υ ψ
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commutes. Trivially the left square commutes, we now show the central square:

β(υ′(x)) = β([x], 0) = υ(x).

The right square:
ψ(β([x], y)) = ψ(υ(x))︸ ︷︷ ︸

=0

+ψ(sD︸ ︷︷ ︸
=idG1

(y)) = y.

We show
G0/nG0 ⊕G1[n] X/ξ(G0) ⊕G1

G0,n D,

ζ′
n

α0
n β

ζn

commutes. First observe

β(ζ ′
n([x], y)) = β

([
1
n
ξ(x)

]
, ι1n(y)

)
= υ

(
1
n
ξ(x)

)
+ sD(ι1n(y)).

By Theorem 7.17

υ

(
1
n
ξ(x)

)
+ sD(ι1n(y)) = ζn(µ0

n(x)) + ζn(s0
n(y)) = ζn(α0

n([x], y)).

As α was chosen to be a Λ-isomorphism and idX is an order isomorphism, we need only show
that β is a group isomorphism. Consider the diagram

0 X/ξ(G0) X/ξ(G0) ⊕G1 G1 0

0 X/ξ(G0) D G1 0

υ′ ψ′

β

υ ψ

Note β makes the diagram commute, as υ′([x]) = ([x], 0), and by the 5-lemma β is a group
isomorphism.

As in the Λ-system case we consider the forgetful functor and it’s relation to trivial systems.

Definition 7.21. Let K be a KTu-system and let (α, γ, β) be a KTu-morphism, the forgetful
functor FKTu : KTu-�y� → KT u-�y� maps objects K = (G, g,X,D, ξ, υ, ψ, (ζn)n≥2) to
FKTu(K) = (G0, g,G1, X, ξ) and morphisms (α, γ, β) to FKTu(α, γ, β) = (α0, α1, γ).

Using this definition we can lift morphisms from KT u-�y� to morphisms in KTu-�y�.

Theorem 7.22. Let

K = (G, g,X,D, ξK , υ, ψ, (ζn)n≥2),
L = (H, h, Y,E, ξL, υ′, ψ′, (ζ ′

n)n≥2)

be exact KTu-systems. Then a homomorphism φ : FKTu(K) → FKTu(L) lifts to a homomorphism
Φ : K → L further if φ is an isomorphism so is Φ, and FKTu

(Φ) = idL.
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Proof. Let (α0, α1, f) : FKTu(K) → FKTu(L) be a KT u-morphism, and

(Λ(G0, G1), g,X, ξK , X/ξ(G0) ⊕G1, υK , ψK , (ζKn )n≥2),
(Λ(H0, H1), h, Y, ξL, Y/ξ(H0) ⊕H1, υL, ψL, (ζLn )n≥2),

be the induced objects from theorem 7.20. Let Λ(α0, α1) be the induced Λ-morphism, and define
β : X/ξK(G0) ⊕G1 → Y/ξL(H0) ⊕H1 by

β = υL ◦ f ◦ σK + sL ◦ α1 ◦ ψK ,

where sL : H1 → Y/ξ(H0) ⊕H1 is the induced splitting, and υ, f are the induced quotient maps.
We show Φ = (Λ(α0, α1), f, β) is a KTu-morphism. We consider the diagram

G0 X X/ξK(G0) ⊕G1 G1

H0 Y Y/ξ(H0) ⊕H1, H1

ξK

α0

υK

f

ψK

β α1

ξL υL ψL

and show it commutes. The left square commutes as we come from a KT u-system, for the central
square:

β(υK(x)) = β([x], 0) = υL(f(σK([x], 0))) = υL([f(x)]) = υL(f(x)).

The right square commutes as

ψL ◦ β = ψL ◦ υL︸ ︷︷ ︸
=0

◦f ◦ σK + ψL ◦ sL︸ ︷︷ ︸
=idH1

◦α1 ◦ ψK = α1 ◦ ψK .

We show
G0/nG0 ⊕G1[n] X/ξK(G0) ⊕G1

H0/nH0 ⊕H1[n] Y/ξ(H0) ⊕H1,

ζK
n

α0
n

β

ζL
n

commutes. Recall α0
n = µL0,n ◦ α0 ◦ σK0,n + sL0,n ◦ α̃1 ◦ νK0,n and consider ζLn ◦ µL0,n ◦ α0 ◦ σK0,n. For

the diagram

H0 H0/nH0 H0/nH0 ⊕H1[n]

Y Y/ξ(H0) Y/ξ(H0) ⊕H1

πL
0,n

1
n ξL

µL
0,n

1
n ξL ζL

n

πY υ

the left square commutes, using this

ζLn ◦ µL0,n ◦ πL0,n = ζLn ◦ µL0,n = υL ◦ 1
n
ξL = υL ◦ πY ◦ 1

n
ξL = υ ◦ 1

n
ξL ◦ πL.
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Since πL0,n is surjective the right square commutes. We consider the diagram

X

G0 G0/nG0 X/ξK(G0)

H0 H0/nH0 Y/ξL(H0),

Y

πX

f

1
n ξK

πK

α0

1
n ξK

α0 f

πL

1
n ξL

1
n ξL

πY

where all squares but

G0/nG0 X/ξK(G0)

H0/nH0 Y/ξL(H0)

1
n ξK

α0 f

1
n ξL

commutes, either by construction or as we have a KT u-morphism. We show the last square
commutes:

f ◦ 1
n
ξK ◦ πK = f ◦ πX ◦ 1

n
ξK

= πY ◦ f ◦ 1
n
ξK

= πY ◦ 1
n
ξL ◦ α0

= 1
n
ξL ◦ πL ◦ α0

= 1
n
ξL ◦ α0 ◦ πK .

Lastly consider

G0/nG0 ⊕G1[n] G0/nG0

X/ξ(G0) ⊕G1 X/ξ(G0)

σK
0,n

ζK
n

1
n ξK

σK

which commutes by Theorem 7.17. Combining the above

ζLn ◦ µL0,n ◦ α0 ◦ σK0,n = υ ◦ 1
n
ξL ◦ α0 ◦ σK0,n = υ ◦ f ◦ 1

n
ξK ◦ σK0,n = υ ◦ f ◦ σK ◦ ζKn .

We now focus on ζLn ◦ sL0,n ◦ α̃1 ◦ νK0,n. By Theorem 7.17

ζLn ◦ sL0,n ◦ α̃1 ◦ νK0,n = sL ◦ ιL1,n ◦ α̃1 ◦ νK0,n,

and by construction of α̃1 we get sL ◦ ιL1,n ◦ α̃1 ◦ νK0,n = sL ◦ α1 ◦ ιK1,n ◦ νK0,n. Lastly as the trivial
system is a KTu-system

sL ◦ α1 ◦ ιK1,n ◦ νK0,n = sL ◦ α1 ◦ νK0,n = sL ◦ α1 ◦ ψK ◦ ζKn .

56 of 72



Department of Computer Science and Mathematics University of Southern Denmark

Combining this with our previous case

ζLn ◦ α0
n = νL ◦ f ◦ σK ◦ ζKn + sL ◦ α1 ◦ ψK ◦ ζKn = β ◦ ζKn .

By construction of Φ, FKTu
(Φ) = idL, what is left to show is that isomorphisms lift to isomor-

phisms. If (α0, α1, f) is an isomorphism then f is an order isomorphism and both αj ’s are group
isomorphisms, which means that Λ(α0, α1) is a Λ-isomorphism by Proposition 2.6. Hence we
need only show β is an isomorphism, we will do this by computing the explicit inverse.
Let β−1 : Y/ξL(H0) ⊕H1 → X/ξK(G0) ⊕G1 be given by

β−1 = υK ◦ (f)−1 ◦ σL + sK ◦
(
α1)−1 ◦ ψL.

Using the obvious notational changes the above computations show (Λ((α0)−1, (α1)−1), f−1, β−1)
is a KTu-morphism. We show it is the inverse. As is tradition we show left inverse first:

β−1 ◦ β = (υK ◦ (f)−1 ◦ σL + sK ◦
(
α1)−1 ◦ ψL) ◦ (υL ◦ f ◦ σK + sL ◦ α1 ◦ ψK)

= υK ◦ (f)−1 ◦ σL ◦ υL ◦ f ◦ σK + υK ◦ (f)−1 ◦ σL ◦ sL︸ ︷︷ ︸
=0

◦α1 ◦ ψK

+ sK ◦
(
α1)−1 ◦ ψL ◦ υL︸ ︷︷ ︸

=0

◦f ◦ σK + sK ◦ (α1)−1 ◦ ψL ◦ sL ◦ α1 ◦ ψK

= υK ◦ σK + sK ◦ ψK
= id

X/ξK (G0)⊕G1
− sK ◦ ψK + sK ◦ ψK

= id
X/ξK (G0)⊕G1

,

where σ− ◦ s− = 0 as s− comes from the splitting lemma. We show the right inverse:

β ◦ β−1 = (υL ◦ f ◦ σK + sL ◦ α1 ◦ ψK) ◦ (υK ◦ (f)−1 ◦ σL + sK ◦
(
α1)−1 ◦ ψL)

= υL ◦ f ◦ σK ◦ υK ◦ (f)−1 ◦ σL + υL ◦ f ◦ σK ◦ sK︸ ︷︷ ︸
=0

◦(α1)−1 ◦ ψL

+ sL ◦ α1 ◦ ψK ◦ υK︸ ︷︷ ︸
=0

◦(f)−1 ◦ σL + sL ◦ α1 ◦ ψK ◦ sK ◦ (α1)−1 ◦ ψL

= υL ◦ σL + sL ◦ ψL
= id

Y/ξL(H0)⊕H1
− sL ◦ ψL + sL ◦ ψL

= id
Y/ξL(H0)⊕H1

.

We observe this makes T into a functor.

Definition 7.23. Let T : KT u-�y� → KTu-�y�, be the functor mapping objects to their induced
trivial object, and morphisms to their lifted morphisms as in 7.22, we will denote this functor as
the trivialisation functor.

We are now almost 60 pages into this thesis and we are finally able to see why the title is
Automorphisms on classifiable C∗-algebras.

Corollary 7.24. Let K be an exact KTu-system and denote by F̃KTu
: Aut(K) → Aut(FKTu

(K))
the induced map of the forgetful functor. Then there exists an unnatural group homomorphism

Φ : Aut(FKTu
(K)) → Aut(K),
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such that F̃KTu ◦ Φ = idAut(FKTu (K)).

Proof. By Theorem 7.20, K ∼= T(FKTu
(K)), call this isomorphism Ψ, further by construction

FKTu
(Ψ) = idFKTu (K). Induce a group isomorphism Ψ̃ : Aut(K) → Aut(T(FKTu

(K))) given by
Ψ̃(φ) = Ψ ◦ φ ◦ Ψ−1. Further use the trivialisation functor to induce a group homomorphism
Φ̃ : Aut(FKTu

(K)) → Aut(T(FKTu
(K))) by Φ̃(φ) = T(φ). Define Φ : Aut(FKTu

(K)) → Aut(K)
by Φ = Ψ̃−1 ◦ Φ̃. Note Φ is a group homomorphism as both constituents are, hence to show Φ
is well defined we need Φ(φ) ∈ Aut(K). We calculate Φ(φ), let φ = (α0, α1, γ) ∈ Aut(FKTu

(K)).

Φ(φ) = Ψ̃−1 ◦ Φ̃(φ)
= Ψ̃−1(Λ(α0, α1), γ, βΦ)
= (Λ(idG0 , idG1)−1, idX , β−1

Ψ ) ◦ (Λ(α0, α1), γ, βΦ) ◦ (Λ(idG0 , idG1), idX , βΨ)
= (Λ(α0, α1), γ, β−1

Ψ ◦ βΦ ◦ βΨ).

We show (Λ(α0, α1), γ, β−1
Ψ ◦ βΦ ◦ βΨ) is a KTu-morphism. As φ is a KT u-morphism α0(g) = g.

We show the diagram

G0 X D G1

G0 X D G1,

ξ

α0

υ

γ

ψ

β−1
Ψ ◦βΦ◦βΨ α1

ξ υ ψ

commutes. The left square commutes, as we come from a KT u-morphism, we now expand the
central and right squares:

X D G1

X X/ξ(G0) ⊕G1 G1

X X/ξ(G0) ⊕G1 G1

X D G1.

υ

idX

ψ

βΨ idG1

υ′

γ

ψ′

βΦ α1

υ′

idX

ψ′

β−1
Ψ

idG1

υ ψ

We observe all squares commute, as each comes from a KTu-morphism. We show

G0,n G0,n

D D,

α0
n

ζn ζn

β−1
Ψ ◦βΦ◦βΨ
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commutes. We expand our diagram

G0,n G0/nG0 ⊕G1[n] G0/nG0 ⊕G1[n] G0,n

D X/ξ(G0) ⊕G1 X/ξ(G0) ⊕G1 D.

α0
Ψ,n

ζn

α0
Φ,n

ζ′
n

(α0
Ψ,n)−1

ζ′
n ζn

βΨ βΦ β−1
Ψ

Again all the squares commute as their respective maps come from KTu-morphisms, so Φ is well
defined. Lastly observe

(F̃KTu
◦ Φ)(φ) = F̃KTu

(Λ(α0, α1), γ, β−1
Ψ ◦ βΦ ◦ βΨ) = (α0, α1, γ).

With this result we will move away from abstract nonsense and return to C∗-algebra land albeit
only for a little bit.

8 Lifting Group Actions
In this section we will consider automorphism groups of C∗-algebras and show for a subset of
particularly nice C∗-algebras that we can lift group actions on KTu all the way up to group
actions on the automorphism group modulo approximate inner automorphisms, Aut(A)/Inn.
Lets first define one of the words we just introduced.

Definition 8.1. Let A be a C∗-algebra, Aut(A) be it’s automorphism group, and let φ ∈ Aut(A)
be an automorphism. We say that φ is inner if there exists a unitary, u, in the unitisation of A,
Ã, such that φ(a) = uau∗ for all a ∈ A. We say φ is approximately inner if for every finite subset,
F , of A, and for every ε > 0 there is an inner automorphism, ψ such that ||φ(a) − ψ(a)|| < ε,
a ∈ F . Denote the normal subgroup of Aut(A) consisting of approximately inner automorphisms
by Inn(A).

To show one of our main results of this section we need a corollary from [CGS+23], namely
corollary 9.10.

Theorem 8.2 ( [CGS+23], corollary 9.10). Let A be a unital simple separable nuclear Z-stable
C∗-algebra satisfying the universal coefficient theorem. Then the quotient Aut(A)/Inn(A) is iso-
morphic to the automorphism group of KTu(A), Aut(A)/Inn(A) ∼= Aut(KTu(A)), implemented
by KTu.

With this we are ready to prove our result, it should be noted that Christopher Schafhauser and
a Ph.D. student has a proof of this as well, however as far as the author knows the proof uses
different techniques.

Corollary 8.3. Let A be a unital C∗-algebra, and G be a discrete group acting on KTu(A).
Then this action lifts (non-canonically) to an action on KTu(A). In particular if A is also
simple separable nuclear Z-stable and satisfy the universal coefficient theorem, then every group
action of G on KTu(A) lifts to a homomorphism G → Aut(G)/Inn(A).

Proof. By definition a group action on KTu(A) is a group homomorphism χ : G → Aut(KTu(A)),
by Corollary 7.24 we can find a group homomorphism Φ : Aut(KTu(A)) → Aut(KTu(A)) such
that FKTu ◦ Φ = idAut(KTu(A)). Define χ̃ : G → Aut(KTu(A)) by χ̃ = Φ ◦ χ,
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then FKTu ◦ χ̃ = FKTu ◦ Φ ◦ χ = χ and thus we have shown the first part. Now assume A is also
simple, separable, nuclear, Z-stable, and satisfy the universal coefficient theorem. By Theorem
8.2 Aut(A)/Inn(A) ∼= Aut(KTu(A)), implemented by KTu, we define χ : G → Aut(A)/Inn(A)
by χ = KTu

−1 ◦ χ̃. Recall KTu = FKTu ◦ KTu,

KTu ◦ χ = FKTu ◦ KTu ◦ KTu
−1 ◦ χ̃ = FKTu ◦ χ̃ = χ.

Let us calculate an example of what we have just seen.

Example 8.4. Let A be a unital, simple, separable, nuclear, Z-stable C∗-algebra satisfying
the universal coefficient theorem, such that KTu(A) = (Z, 1,Z2,R, ρ), where ρ is the canonical
inclusion of Z into R. We calculate Aut(KTu(A)), recall that Z has two group automorphisms,
×1 and ×(−1), Z2 only has one group automorphism ×1, and for R consider any positive linear
map. For a KTu-morphism the diagram

Z R

Z R

ρ

α0 γ

ρ

must commute, this forces α0 to be ×1 and γ to be unital, the only unital positive linear
automorphism of R is ×1. Thus we have one KTu automorphism, namely (×1,×1,×1). We
compute Aut(KTu(A)), that is, we compute the automorphisms for the induced trivial system

KTu(A) = (Λ(Z,Z2), 1,R,T ⊕ Z2, ρ, ι1, π2, (ζ)n≥2),

where ι1 : R → T ⊕ Z2 is the inclusion, π2 : T ⊕ Z2 → Z2 is the projection, and
ζn : Zn ⊕ Z2[n] → T ⊕ Z2 is given by ζn([x]n, y) = ([ 1

nx]R/Z, ιn(y)). Before computing the
automorphisms of KTu(A) we look a bit closer at the Λ-system Λ(Z,Z2). Observe

Z2[n] =
{
Z2 if n is even
0 if n is odd,

and

Z2 ⊗ Zn ∼= Zgcd(2,n) =
{
Z2 if n is even
0 if n is odd.

We compute Aut(KTu(A)), by the above we have different cases depending on if n,m ≥ 2 are
even, odd or a combination. For the rest of this example we will assume that n|m. The first case
we tackle is when both n,m are even. We first compute the automorphisms of Λ(Z,Z2). Thus
the 6 diagrams must all commute

Z Z

Zn ⊕ Z2 Zn ⊕ Z2

idZ

ιn1 ιn1

α0
n

Z2 Z2

Z2 Z2

idZ2

idZ2 idZ2

α1
n

Zn ⊕ Z2 Zn ⊕ Z2

Z2 Z2

α0
n

π0
2 π0

2

idZ

Zgcd(2,n) Zgcd(2,n)

0 0

α1
n
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Zn ⊕ Z2 Zn ⊕ Z2

Zm ⊕ Z2 Zm ⊕ Z2

α0
n

( m
n ,idZ2) ( m

n ,idZ2)(πn,m,
m
n )

α0
m

(πn,m,
m
n )

Zgcd(2,n) Zgcd(2,n)

Zgcd(2,m) Zgcd(2,m)

α1
n

× gcd(2,m)
gcd(2,n)

× gcd(2,m)
gcd(2,n)

πgcd(2,n),gcd(2,m)

α1
m

πgcd(2,n),gcd(2,m)

Opposing our previous traditions we start with the right diagrams first, as they are almost trivial.
Note the upper right diagram forces α1

n to be the identity for all n ≥ 2, which also makes the
central right and bottom right diagrams commute. For the left diagram we will consider α0

n as
a matrix

α0
n =

(
an bn
cn dn

)
,

where an, bn, cn, dn are homomorphisms. For the upper left diagram to commute we must have
(
an bn
cn dn

)(
[x]n

0

)
=
(

[x]n
0

)
,

which forces an = 1 and cn = 0. For the central diagram to commute

π0

((
1 bn
0 dn

)(
[x]n
[y]2

))
= [y]2,

which forces dn = 1. So the only homomorphism left is bn : Z2 → Zn hence the bottom left
diagram commutes whenever

Z2 Zn

Z2 Zm

bn

idZ2 × m
n× m

n

bm

πn,m

commutes. There are two possible homomorphisms between Z2 and Zn, which is 0 and n
2 .

Trivially 0 makes the diagram commute, we check if ×n
2 makes the diagram commute.

×n

2

(
×m

n
([x]2)

)
=
[m

2 x
]
n

= πn,m

(
×m

2 ([x]2)
)
,

×m

n

(
×n

2 ([x]2)
)

=
[m

2 x
]
m

= ×m

2 ([x]2).

So α0
n can either be the identity or

(
1 ×n

2
0 1

)
. We find our possible β maps to which we have

the diagram
R T ⊕ Z2 Z2

R T ⊕ Z2 Z2.

ι1

idR

π2

β idZ2

ι1 π2

Similarly to computing the Λ-morphisms we will write β as a matrix of group homomorphisms

β =
(
a b
c d

)
,

and check what conditions must hold such that the diagram commutes. If the left square com-
mutes then (

a b
c d

)(
[x]R/Z

0

)
=
(

[x]R/Z
0

)
,
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which forces a = 1 and c = 0. If the right square commutes we must have

π2

((
1 b
0 d

)(
[x]R/Z
y

))
= y,

forcing d = 1. Consider the last diagram

Zn ⊕ Z2 T ⊕ Z2

Zn ⊕ Z2 T ⊕ Z2.

( 1
nρ,idZ2 )

α0
n β

( 1
nρ,idZ2 )

As the only wriggle room we have is in the top right corner both for α0
n and β, the diagram

above will commute whenever
Z2 Z2

Zn T

idZ2

bn b

1
nρ

commutes. As the top homomorphism is the identity, if b makes the diagram commute then
b = 1

nρ ◦ bn. As we already found the possible bn’s, b is either 0 or 1
2ρ, hence β is either the

identity matrix or
(

1 1
2ρ

0 1

)
which finishes the case of both n and m being even. Now for the

case of n,m both being odd. The six diagrams from the previous case becomes

Z Z

Zn Zn

idZ

πn πn

α0
n

Z2 Z2

0 0

idZ2

α1
n

Zn Zn

Z2 Z2

α0
n

π2,n π2,n

idZ2

0 0

0 0

α1
n

Zn Zn

Zm Zm

α0
n

× m
n × m

n
πn,m

α0
m

πn,m

0 0

0 0

α1
n

α1
m

In this case α0
n has to be the identity as that is the only group isomorphism from Zn to Zn, and

α1
n is the identity on 0. For the β map, the diagram

R T ⊕ Z2 Z2

R T ⊕ Z2 Z2

ι1

idR

π2

β idZ2

ι1 π2
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does not depend on n or m hence β =
(

1 b
0 1

)
and as before we need to find the b’s making

0 Z2

Zn T

bn b

1
nρ

commute. One sees this commutes for all group homomorphisms b : Z2 → T, for which there
are two, namely 0 and × 1

2ρ, so β is again either the identity or
(

1 1
2ρ

0 1

)
. We now consider the

mixed case of n being odd and m being even. The only thing that changes in the Λ-morphism
case is bottom two diagrams:

Zn ⊕ 0 Zn ⊕ 0

Zm ⊕ Z2 Zm ⊕ Z2,

α0
n

(× m
n ,0) (× m

n ,0)(πn,m,0)

α0
m

(πn,m,0)

0 0

Z2 Z2.

α1
n

α1
m

Note α1
n has to be the identity on Z2 and again α0

n has to be a strictly upper triangular matrix,
hence the left diagram commutes whenever

0 Zn

Z2 Zm

bn

× m
n

bm

πn,m

commutes. This trivially commutes when bm = 0, we claim it also commutes for bm = ×m
2 .

Indeed as n divides m then m = kn for some k ∈ Z, but as m is even and n is odd, we must
have that k is even as well. Hence

×m

2 = k

2n,

so the image of ×m
2 is contained in the kernel of πn,m, and so the diagram commutes. So α0

n is

either the identity or
(

1 ×n
2

0 1

)
. For the β, we only deal with either n or m never a mix, hence

we will be in one of the previous cases. Thus we have found all possible automorphisms of KTu,
namely

Aut(KTu(A)) =





(idZ, idZ2 , (idZn⊕Zn[n], idZgcd 2,n
)n≥2, idX , idT⊕Z2),

(idZ, idZ2

((
1 ×n

2
0 1

)
, idZgcd(2,n)

)

n≥2
, idX ,

(
1 1

2ρ
0 1

)




∼= Z2.

By Theorem 8.2 Aut(A)/Inn(A) ∼= Z2.

The astute reader probably noticed, in the example we did not need to consider all diagrams when
calculating the automorphism group. We needed only to consider the diagrams that correspond
to the upper triangular part of the matrices. This is no coincidence, and the last part of the
thesis will be devoted to examining this.
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Definition 8.5. Let K = (G0, g,G1, X, ξ) be a KT u-system, and let N(K) be the abelian group
of families of group homomorphisms

(φ, (ψin)i∈{0,1},n≥2) ∈ Hom(G1, X/ξ(G0)) ×
∏

i∈{0,1}
n≥2

Hom(G1−i[n], Gi/nG1)

such that
G1−i[n] Gi/nGi

G1−i[m] Gi/mGi

ψi
n

ι1−i
m,n × m

n× m
n

ψi
m

πi
n,m

commutes for i ∈ {0, 1}, n,m ≥ 2 such that n|m further

G1[n] G1

G0/nG0 X/ξ(G0)

ψi
n

φ

1
n ξ

commutes for all n ≥ 2.

Lets look at the relationship between KTu-automorphisms and automorphisms on N(K).

Proposition 8.6. Let K = (G0, g,G1, X, ξ) be a KT u-system, and (α0, α1, γ) ∈ Aut(K) be a
KT u-automorphism. Then Ψαi,γ : N(K) → N(K) given by

Ψαi,γ(φ, (ψin)i∈{0,1},n≥2) =
(
γ ◦ φ ◦

(
α1)−1

,
(
αin ◦ ψin ◦

(
α̃1−i
n

)−1)
i∈{0,1},
n≥2

)
,

is a group isomorphism, where ·, ·̃ denotes the induced quotient and n-torsion maps respectively.

Proof. We show Ψαi,γ is well defined. Note
(
γ ◦ φ ◦

(
α1)−1

,
(
αin ◦ ψin ◦

(
α̃1−i
n

)−1
)
i∈{0,1},
n≥2

)
is

an element of Hom(G1, X/ξ(G0)) ×∏i∈{0,1}
n≥2

Hom(G1−i[n], Gi/nG1). Consider the diagram

G1−i[n] Gi/nGi

G1−i[m] Gi/mGi

αi
n◦ψi

n◦(α̃1−i
n )−1

ι1−i
m,n × m

n× m
n

αi
m◦ψi

m◦(α̃1−i
m )−1

πi
n,m

and expand it to

G1−i[n] G1−i[n] Gi/nGi Gi/nGi

G1−i[m] G1−i[m] Gi/mGi Gi/mGi

(α̃1−i
n )−1

ι1−i
m,n

ψi
n

ι1−i
m,n

αi
n

× m
n × m

n× m
n

(α̃1−i
m )−1

× m
n

ψi
m

πi
n,m

αi
m

πi
n,m
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Breaking tradition we observe the central square commutes by definition of N(K), now we
consider the left square. It commutes with ι1−i

m,n by definition of (α̃1−i
n )1−i, we show the other

direction. Note
G1−i[m] G1−i[n]

G1−i G1−i.

× m
n

ιm ιn

× m
n

commutes, thus

ιn ◦ ×m

n
◦ (α̃1−i

m )−1 = ×m

n
◦ ιm ◦ (α̃1−i

m )−1 = ×m

n
◦ (α1)−1 ◦ ιm.

Since α1−i is a group homomorphism ×m
n ◦ (α1−i)−1 = (α1−i)−1 ◦ ×m

n , continuing

(α1−i)−1 ◦ ×m

n
◦ ιm = (α1−i)−1 ◦ ◦ιn ◦ ×m

n
= ιn ◦ (α̃1−i

n )−1 ◦ ×m

n
.

By injectivity of ιn the square commutes. The right square commutes with respect to πn,m by
definition of αin, for the other direction note

Gi Gi

Gi/mGi Gi/nGi

× m
n

πm πn

× m
n

commutes. Hence
×m

n
◦ αim ◦ πm = ×m

n
◦ πm ◦ αi = πn ◦ ×m

n
◦ αi,

as before ×m
n ◦ αi = αi ◦ ×m

n continuing our calculation

πn ◦ αi ◦ ×m

n
= αin ◦ πn ◦ ×m

n
= αin ◦ ×m

n
◦ πm.

By surjectivity of πm the right square commutes. We wish to expand the diagram

G1[n] G1

G0/nG0 X/ξ(G0),

α0
n◦ψ0

n(α1−i
n )−1 γ◦φ◦(α̃1)−1

× m
n

but to ease readability of the expanded diagram, we first reflect it over the main diagonal

G1[n] G1[n] G0/nG0 G0/nG0

G1 G1 X/ξ(G0) X/ξ(G0).

(α̃1
n)−1 ψ0

n α0
n

1
n ξ

1
n ξ

(α1)−1 φ γ

Again the central square commutes by definition ofN(K). The left square commutes by definition
of (α̃1

n)−1, and the right square commutes since (α0, α1, γ) is a KTu-automorphism. Hence Ψα1,γ
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is well defined. We show Ψαi,γ is a bijection.
Surjectivity: Let (φ, (ψin)i∈{0,1},n≥2)) ∈ N(K), and consider

(
γ−1 ◦ φ ◦ α1,

((
αin
)−1 ◦ ψin ◦ α̃1−i

n

)
i∈{0,1},
n≥2

)
,

which is an element of N(K), to see this apply the arguments above with notational changes.
Then

Ψαi,γ

(
γ−1 ◦ φ ◦ α1,

((
αin
)−1 ◦ ψin ◦ α̃1−i

n

)
i∈{0,1},
n≥2

)

=
(
γ ◦ γ−1 ◦ φ ◦ α1 ◦ (α1)−1,

(
αin ◦

(
αin
)−1 ◦ ψin ◦ α̃1−i

n ◦
(
α̃1−i
n

)−1)
i∈{0,1},
n≥2

)

= (φ, (ψin)i∈{0,1},n≥2)).

Injectivity: Let (φ1, (ψi1,n)i∈{0,1},n≥2), (φ2, (ψi2,n)i∈{0,1},n≥2) ∈ N(K) such that for i ∈ {0, 1}
and n ≥ 2

γ ◦ φ1 ◦ (α1)−1 = γ ◦ φ2 ◦ (α1)−1

and,
α̃in ◦ ψi1,n ◦ (α1−i

n )−1 = α̃in ◦ ψi2,n ◦ (α1−i
n )−1.

Since α0, α1 and γ are isomorphisms we compose with their inverses on both sides. Thus φ1 = φ2,
and ψ1,n = ψ2,n. We show Ψαi,γ is a group homomorphism.
Let (φ1, (ψi1,n)i∈{0,1},n≥2), (φ2, (ψi2,n)i∈{0,1},n≥2) ∈ N(K), for i ∈ {0, 1} and n ≥ 2

Ψαi,γ((φ1, (ψi1,n)) + (φ2, ψ
i
2,n))

= Ψαi,γ(φ1 + φ2, (ψi1,n + ψi2,n))
= (γ ◦ (φ1 + φ2) ◦ (α1)−1, (αin ◦ (ψi1,n + ψi2,n) ◦ (α̃1−i

n )−1))
= (γ ◦ φ1 ◦ (α1)−1 + γ ◦ φ2 ◦ (α1)−1, (αin ◦ ψi1,n ◦ (α̃1−i

n )−1 + αin ◦ ψi2,n ◦ (α̃1−i
n )−1))

= (γ ◦ φ1 ◦ (α1)−1, (αin ◦ ψi1,n ◦ (α̃1−i
n )−1)) + (γ ◦ φ2 ◦ (α1)−1, (αin ◦ ψi2,n) ◦ (α̃1−i

n )−1))
= Ψαi,γ(φ1, (ψi1,n)) + Ψαi,γ(φ2, (ψi2,n)).

so Ψαi,γ an automorphism on N(K).

Our final goal is to describe the automorphisms on KTu-systems using only KT u. To do this we
first need to know what a semidirect product is.

Definition 8.7 ( [DF04], Chap 5, Theorem 10). Let G and H be groups and let φ : G → Aut(H)
be a group homomorphism. Construct a group which set is H × G and with binary operation
given by

(h1, g1)(h2, g2) = (h1φg1(h2), g1g2).

We call this group the semidirect product, and denote it by H ⋊φ G.

After a definition it is always nice to see an example.

Example 8.8. Let K = (G0, g,G1, X, ξ) be a KT u-system then N(K) ⋊∆ Aut(K) with
∆ : Aut(K) → Aut(N(K)) given by ∆(α0, α1, γ) = Ψαi,γ forms a semidirect product.
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Proof. ∆ is well defined by Proposition 8.6, we show ∆ is a group homomorphism.
Let (α0, α1, γ1), (β0, β1, γ2) ∈ Aut(K).

∆((α0, α1, γ1) ◦ (β0, β1, γ2))
(
φ, (ψin)i∈{0,1}

n≥2

)

= ∆(α0 ◦ β0, α1 ◦ β1, γ1 ◦ γ2)
(
φ, (ψin)i∈{0,1}

n≥2

)

= Ψαi◦βi,γ1◦γ2

(
φ, (ψin)i∈{0,1}

n≥2

)

=
(
γ1 ◦ γ2 ◦ φ ◦ (β1)−1 ◦ (α1)−1, αin ◦ βin ◦ ψin ◦ (β̃1−i

n )−1 ◦ (α̃1−i
n )−1)i∈{0,1}

n≥2

)

= Ψαi,γ1

(
γ2 ◦ φ ◦ (β1)−1, (βin ◦ ψin ◦ (β̃1−i

n )−1)i∈{0,1}
n≥2

)

= (Ψαi,γ1 ◦ Ψβi,γ2)
(
φ, (ψin)i∈{0,1}

n≥2

)

= ∆(α0, α1, γ) ◦ ∆(β0, β1, ξ)
(
φ, (ψin)i∈{0,1}

n≥2

)
.

By Definition 8.7 we can form the semidirect product N(K) ⋊∆ Aut(K).

The next bit of the thesis is about proving the automorphism group of T (K), is given by the
semidirect product from Example 8.8. Before we can see that proof, we will need one more fact
about semidirect products of groups.

Proposition 8.9. Let

1 G H L 1φ ψ

s

be a short split exact sequence of groups. Then H ∼= G⋊ L, with action induced from the split.

We are now ready to prove our last theorem.

Theorem 8.10. Let K = (G0, g,G1, X, ξ) be a KT u-system and K = T (K) be it’s induced
trivial system. Then there exists a group homomorphism θ such that the sequence

1 N(K) Aut(K) Aut(K) 1,θ F̃KTu

is short exact, and admits a splitting whose induced action Aut(K) ↷ N(K) is ∆ from Example
8.8. In particular Aut(K) ∼= N(K) ⋊∆ Aut(K).

Proof. Consider the map θ : N(K) → Aut(K) given by

θ
(
φ,
(
ψi∈{0,1}n≥2

))
=
((

idG0 , idG1 , (αin)i∈{0,1},n≥2
)
, idX , β

)
,

where αin =
(

idGi/nGi
ψin

0 idG1−i[n]

)

i∈{0,1},n≥2
and β =

(id
X/ξ(G0) φ

0 idG1

)
. Both αin and β

are invertible, hence to show θ is well defined it suffices to show Im(θ) ⊆ Hom(K). We show
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(
idG0 , idG1 , (αin)i∈{0,1},n≥2

)
is a Λ-morphism. Both

Gi Gi

Gi/nGi ⊕G1−i[n] Gi/nGi ⊕G1−i[n]

idGi

µi
n µi

n

αi
n

,

Gi/nGi ⊕G1−i[n] Gi/nGi ⊕G1−i[n]

G1−i G1−i.

αi
n

νi
n νi

n

idG1−i

commutes as we have the identities on the diagonal of αin. Further as 0 in the bottom left corner
the diagram

Gi/nGi ⊕G1−i[n] Gi/nGi ⊕G1−i[n]

Gi/mGi ⊕G1−i[m] Gi/mGi ⊕G1−i[m].

αi
n

(× m
n ,ι

1−i
m,n) (× m

n ,ι
1−i
m,n)(πi

n,m,× m
n )

αi
m

(πi
n,m,× m

n )

commutes if and only if

G1−i[n] Gi/nGi

G1−i[m] Gi/mGi

ψi
n

ι1−i
m,n × m

n× m
n

ψi
m

πi
n,m

commutes. Indeed this does commute as
(
φ,
(
ψi∈{0,1}n≥2

))
∈ N(K).

We show β makes
((

idG0 , idG1 , (αin)i∈{0,1},n≥2
)
, idX , β

)
into a KTu-morphism. Consider

G0 X X/ξ(G0) ⊕G1 G1

G0 X X/ξ(G0) ⊕G1 G1

ξ

idG0

υ

idX

ψ

β idG1

ξ υ ψ

which commutes as we have the identities on the diagonal of β. Again as 0 is in the bottom left
corner the diagram

G0/nG0 ⊕G1[n] X/ξ(G0) ⊕G1

G0/nG0 ⊕G1[n] X/ξ(G0) ⊕G1

( 1
n ξ,ι

1
n)

α0
n

β

( 1
n ξ,ι

1
n)

commutes if and only if
G1[n] G1

G0/nG0 X/ξ(G0)

ψi
n

φ

1
n ξ

commutes. Which again is true as
(
φ,
(
ψi∈{0,1}n≥2

))
∈ N(K). We show θ is a group homomor-
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phism. Let
(
φ1, (ψi1,n)i∈{0,1},n≥2

)
,
(
φ2, (ψi2,n)i∈{0,1},n≥2

)
∈ N(K).

θ
(
φ1, (ψi1,n)i∈{0,1},n≥2

)
◦ θ
(
φ2, (ψi2,n)i∈{0,1},n≥2

)

=
((

idG0 , idG1 ,
(
αi1,n ◦ αi2,n

)
i∈{0,1},n≥2

)
, idX , β1 ◦ β2

)

=
((

idG0 , idG1 ,

((
idGi/nGi

ψi2,n + ψi1,n
0 idG1−i[n]

))

i∈{0,1},n≥2

)
, idX ,

(id
X/ξ(G0) φ2 + φ1

0 idG1

))

θ
(
φ1 + φ2, (ψi1,n + ψ2,n)i∈{0,1},n≥2

)
.

We show

1 N(K) Aut(K) Aut(K) 1,θ F̃KTu

is exact. By Theorem 7.22 F̃KTu
is surjective, and θ is injective as ker(θ) = 0. Note

ker(F̃KTu
) = ((idG0 , idG1 , α

i
n)i∈{0,1},n≥2, idX , β),

for any αin making (idG0 , idG1 , α
i
n)i∈{0,1},n≥2 into a Λ-isomorphism and β making

((idG0 , idG1 , α
i
n)i∈{0,1},n≥2, idX , β) into a KTu-isomorphism.

As ((idG0 , idG1α
i
n)i∈{0,1},n≥2, idX , β) is a KTu-isomorphism the diagrams

Gi Gi

Gi/nGi ⊕G1−i[n] Gi/nGi ⊕G1−i[n],

idGi

µi
n µi

n

αi
n

Gi/nGi ⊕G1−i[n] Gi/nGi ⊕G1−i[n]

G1−i G1−i,

αi
n

µi
n µi

n

idG1−i

commutes, hence αin =
(

idGi/nGi
bin

0 idG1−i[n]

)
. Further the diagram

Gi/nGi ⊕G1−i[n] Gi/nGi ⊕G1−i[n]

Gi/mGi ⊕G1−i[m] Gi/mGi ⊕G1−i[m].

αi
n

(× m
n ,ι

1−i
m,n) (× m

n ,ι
1−i
m,n)(πi

n,m,× m
n )

αi
m

(πi
n,m,× m

n )

commutes, hence bin must satisfy

G1−i[n] Gi/nGi

G1−i[m] Gi/mGi

bi
n

ι1−i
m,n × m

n× m
n

bi
m

πi
n,m

whenever n|m. Also β makes the diagram

X X/ξ(G0) ⊕G1 G1

X X/ξ(G0) ⊕G1 G1

υ ψ

idX β idG1

υ ψ
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commute, hence β =
(id

X/ξ(G0) b

0 idG1

)
. The diagram

G0/nG0 ⊕G1[n] X/ξ(G0) ⊕G1

G0/nG0 ⊕G1[n] X/ξ(G0) ⊕G1

( 1
n ξ,ι

1
n)

α0
n

β

( 1
n ξ,ι

1
n)

also commutes hence b must satisfy that the diagram

G1[n] G1

G0/nG0 X/ξ(G0)

bi
n

b

1
n ξ

commutes for n ≥ 2. Hence ker(F̃KTu) = Im(θ). By Corollary 7.24 there exists a splitting
Φ : Aut(K) → Aut(K), hence by Proposition 8.9 Aut(K) ∼= N(K) ⋊ Aut(K) for the induced
action. We show this action is ∆, from Example 8.8. Let

(
φ, (ψin)i∈{0,1},n≥2

)
∈ N(K) and

(α0, α1, γ) ∈ Aut(K), we wish to show

Φ(α0, α1, γ) ◦ θ
(
φ, (ψin)i∈{0,1},n≥2

)
◦ Φ(α0, α1, γ)−1 = θ

(
∆(α0, α1, γ)

(
φ, (ψin)i∈{0,1},n≥2

))
.

First we calculate the individual terms

Φ(α0, α1, γ) = (Λ(α0, α1), γ, υ ◦ γ ◦ σK + sK ◦ α1 ◦ ψ)
Φ(α0, α1, γ)−1 = (Λ(α0, α1)−1, γ−1, υ ◦ γ−1 ◦ σK + sK ◦ (α1)−1 ◦ ψ)

θ

(
φ, (ψin)i∈{0,1},

n≥2

)
=




idG0 , idG1 ,

(
idGi/nGi

ψin
0 idG1−i[n]

)

i∈{0,1},
n≥2


 , idX ,

(id
X/ξ(G0) φ

0 idG1

)


θ
(
∆(α0, α1, γ)

(
φ, (ψin)i∈{0,1},n≥2

))
=




idG0 , idG1 ,

(
idGi/nGi

αin ◦ ψin ◦ (α̃1−i
n )−1

0 idG1−i[n]

)

i∈{0,1},
n≥2


 , idX ,

(id
X/ξ(G0) γ ◦ φ ◦ (α1)−1

0 idG1

)
 .

We observe

αin

(
[x]n
y

)
= (µin ◦ αin ◦ σΛ + sΛ ◦ α̃1−i

n ◦ νin)
(

[x]n
y

)
=
(
α([x]n)
α̃1−i
n (y)

)
,

βΦ

([x]
ξ(G0)
y

)
= (υ ◦ γ ◦ σK + sK ◦ α1 ◦ ψ)

([x]
ξ(G0)
y

)
=
(
γ
(

[x]
ξ(G0)

)

α1(y)

)
.
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Thus the matrix representations of αin, (αin)−1, β, β−1 becomes

αin =
(
αin 0
0 α̃1−i

n

)
,

(αin)−1 =
(

(αin)−1 0
0 (α̃1−i

n )−1

)
,

β =
(
γ 0
0 α1

)
,

β−1 =
(

(γ)−1 0
0 (α1)−1

)
.

For i ∈ {0, 1} and n ≥ 2 using the above calculations

Φ(α0, α1, γ) ◦ θ
(
φ, (ψin)i∈{0,1},n≥2

)
◦ Φ(α0, α1, γ)−1 =

Φ(α0, α1, γ) ◦
((

(α0)−1, (α1)−1,

(
(αin)−1 ψin ◦ (α̃1−i

n )−1

0 (α̃1−i
n )−1

))
, γ−1,

(
(γ)−1 φ ◦ (α1)−1

0 (α1)−1

))
=




idG0 , idG1 ,

(
idGi/nGi

αin ◦ ψin ◦ (α̃1−i
n )−1

0 idG1−i[n]

)

i∈{0,1},
n≥2


 , idX ,

(id
X/ξ(G0) γ ◦ φ ◦ (α1)−1

0 idG1

)
 =

θ

(
∆(α0, α1, γ)

(
φ, (ψin)i∈{0,1},

n≥2

))
.

As the induced action from the splitting is ∆,

Aut(K) ∼= N(K) ⋊∆ Aut(K).

We immediately apply the above in C∗-algebra land.

Corollary 8.11. Let A be a unital, simple, separable, nuclear, Z-stable C∗-algebra satisfying
the universal coefficient theorem. Then

Aut(A)/Inn(A) ∼= N(KTu(A)) ⋊ Aut(KTu(A)).

Proof. By Theorem 8.2 Aut(A)/Inn(A) ∼= Aut(KTu(A)) and by Theorem 8.10
Aut(KTu(A)) ∼= N(KTu(A)) ⋊ Aut(KTu(A)).

With this we end of the thesis, and the author sincerely hopes that the reader has enjoyed this
small journey in C∗-algebra land, as well as the associated abstract nonsense.
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